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Abstract

In this dissertation, we study stochastically modeled chemical reaction networks and
associated simulation methods. The bulk of this dissertation focuses on three selected
topics. Firstly, we present an efficient Runge-Kutta type simulation method and compare
its weak error with those of other methods. In particular, we make a comparison with
the usual Euler method, which is termed tau-leaping in the current context. The new
method is found to be an order of magnitude more accurate than Euler’s method, making
it the first high-order numerical method for the models considered in this dissertation.
Secondly, we study different coupling methods of stochastically modeled biochemical
processes and provide an asymptotic relation between two such couplings found com-
monly in the literature. This work is motivated by the fact that variance reduction is a
critical aspect of many computational methods, such as in finite difference schemes for
the estimation of sensitivities and multi-level Monte Carlo algorithms for the estimation
of expectations. Thirdly, we will prove a large population result on a class of chemical
reaction networks which allow for reactions to have “interruptible” delay. The technique
of the proof is similar in nature to that of Nancy Garcia’s large population result on an
S.I.LR model with generally distributed infectious period, though this was not known at
the time of writing. Finally, along with a package for the implementation of multi-level
Monte Carlo for MATLAB, we present two miscellaneous results including: (i) a proof
that complex balanced chemical reaction networks are non-explosive, and (ii) an appli-
cation of the multi-level Monte Carlo algorithm for the purpose of sensitivity analysis,

which produces the most efficient method for the approximation of sensitivities to date.
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Chapter 1

Introduction

1.1 Background

In 2004, geneticist John Venter and economist Daniel Cohen made the following famous
quote: “If the 20th century was the century of physics, the 21st century will be the
century of biology” [68]. One of the ultimate goals in the biological sciences, and in par-
ticular systems biology, is to predict and control the behaviors of cells and biochemical re-
actions. According to a recent report by the Japan Science and Technology Agency [34],
today’s frontier of this science mainly consists of two components: Bio-informatics and
mathematical modeling. In Bio-informatics, one uses statistical methods to learn from
raw data, in particular the so-called “omics”[] data, the underlining network of reactions
that governs the system. Hirai’s work is a recent example of a network inference from
metabolomics data [49]. In mathematical modeling, one constructs specific mathemat-
ical descriptions of the biological system and uses simulations or analytical techniques
to study the dynamical properties of the processes, including their limiting behaviors.
According to the JST [34], in both industry and academia alike, Bio-informatics was in
the center of spotlight in the last decade. However, [34] also reports that the trend is

slowly shifting toward mathematical modeling.

lomics stands for the group of chemical substances that ends in “-ome”; for example, genome,
transcriptome, proteome, glycome, metabolonome, etc.



One may model the dynamics of a biochemical system deterministically or stochas-
tically. There is a vast literature studying the qualitative properties of deterministi-
cally modeled systems. For just a small sample, the works of Feinberg, Horn, Jackson,
Craciun, Sturmfels, Andersion, Shiu and others investigate the behavior of deterministi-
cally modeled systems using theories from ordinary differential equations, algebra, and
geometry [2], B B 12, 2T], 26l 27, 28, 29], B3], 43|, 44], 45, 46, 59] . On the other hand,
this dissertation studies (i) mathematical techniques to be used on models with stochas-
tic dynamics, and (ii) computational methods of stochastic simulations for biological
purposes.

Stochastic modeling of biological systems has dramatically increased in popularity
over the last decade in the field of mathematical modeling. With the development of
more efficient technologies to obtain “in vivo” dataf’] like fluorescent-activated cell sort-
ing (FACS) to study the chemical dynamics within cells, biologists are finding ample
evidence that intrinsic stochasticity within the cell system is affecting its behavior in
pivotal ways. For example, Arkin and Adams [14] reports strong evidence that the de-
velopmental pathway of a phage infected E-coli cell is stochastically regulated. Lawson
et al. [54] have shown that a model that includes spatial stochasticity describes the ro-
bust cell polarization much more accurately than the deterministic counterpart. Elowitz
et al. [31] presented evidence that random fluctuations in gene expression contribute

substantially to overall phenotypic variation.

2data from living cells, as opposed to artificial data (“in vitro”)



While it is clear that stochastic models have a role to play in elucidating our un-
derstanding of biological phenomena, there are many aspects to stochastic models and
their associated simulation methods that still need addressing. For example, there is a
problem of scaling in that different constituent species may be available in significantly
different abundances, and the rates of different reactions may vary by orders of magni-
tude. Stochasticity becomes especially important in the presence of chemical species in
low abundances. In one of the first results aimed at describing how models with a given
scaling behave, Kurtz introduced the notion of the “classical scaling,” or the situation
under which all species exist in the same scale and the reaction rates are proportional to
that scale. He showed that the law of large numbers limit of the system takes the form
of an ODE [52]. However, some chemical species can be present in the system in much
greater abundances than others, and this motivates a multiscale analysis, where there
has recently been significant research activity. For example, in [I7], Ball, Kurtz, Popovic
and Rempala developed some of the first multi-scale techniques applicable in the setting
of biochemical processes, which utilized laws of large numbers and averaging methods in
order to simplify the dynamics of multiple models, including a model of viral infection
of a cell. Kurtz and Kang [48] specified a balance condition under which one can, with
a particular time scale, simplify the dynamics of even more complicated models.

Simulation methods are still in their embryonic stage of development in the current
setting: continuous efforts are being made to improve upon both the accuracy and the
runtime of the different algorithms being developed. Gillespie is considered a pioneer
in the field for the development of the stochastic simulation algorithm (SSA) [39] and
the tau-leaping algorithm [40]. Up until recently, the main focus of the study of sim-

ulation methods had been in applications of the tau-leaping algorithm (which is the



usual Euler method in the present context) and on different exact stochastic simulation
algorithms (SSA), and their improvements and extension in terms of bias reduction and
speed. While extremely innovative and intuitive, the tau-leaping algorithm has multiple
problems associated with it. For example, it, along with all forward in time simulation
methods, can cause some populations to go negative in the course of a simulation, which
is an issue that has garnered widespread attention. For example, the work of Cao et al.
[23], Anderson [I], Chatterjee [25], Tian and Burrage [67] and others were all aimed at
countering this negativity problem. Implicit methods [62], Runge-Kutta methods [22],
midpoint methods [7], and trapezoidal methods [9], were also developed as improved
variations of the tau-leaping algorithm. Conversely, E, Liu, and Vanden-Eijnden devel-
oped a method to simulate chemical systems with multiple time scales by algorithmically
approximating the fast dynamics via homogenization methods [30], which had the effect
of greatly increasing the speed of computing single realizations for a myriad of models
at the cost of an unquantified bias.

The trend changed, however, with the advent of the multi-level Monte Carlo sim-
ulation algorithm (MLMC) by Mike Giles [38], which was developed in the context of
stochastic differential equation driven by Brownian motions. In that context MLMC
boasts an ability to produce highly precise, though still biased, estimates for expecta-
tions in a fraction of the time required by standard simulation methods such as Euler-
Maruyama and Milstein’s scheme together with standard Monte Carlo methods [3§].
Later, in [§], Anderson and Higham extended the basic MLMC method to the setting of
stochastically modeled chemical reaction networks in a manner that produced unbiased
estimators, and which often produced its estimates in a fraction of the time required by

exact simulation methods coupled with naive Monte Carlo. This new MLMC method



combines multiple SSA-generated paths and multiple approximated paths in a telescopic
sum in a way that attempts to push the computational work away from highly precise
paths, which detail every reaction, and towards coarse-grained approximations. These
MLMC methods require tight couplings of the relevant simulated paths in order to work,
and the coupling employed by Anderson and Higham is based off the random time change
representation of Kurtz. However, this is not the only coupling available, and study-
ing the properties of and relationships between different couplings is motivation for the

material presented in Chapter |3| of this thesis.

1.1.1 Chapter outline

In this dissertation, we study simulation methods of stochastically modeled reaction
networks and selected topics around stochastic modeling, including some results on non-
Markovian systems. The dissertation is structured as follows.

In the remainder of the first chapter, we will introduce the specific stochastic models
we consider (section and the tools that will be useful in their analysis (section [1.3)).

In Chapter 2, we will introduce a Runge-Kutta type method for Monte Carlo simu-
lation, and analyze its weak error, or bias. We will show that this error scales like the
square of the time-step, making it the first higher order method in the current context.

In Chapter [3| we will study two methods found in the computational literature for
coupling processes. Coupling is a technique that is useful in any computational method
where a reduction of variance is desired, such as in finite difference methods for sensi-
tivity analysis and multi-level Monte Carlo for the computation of expectations. There

are two leading methods in the literature to couple two processes tightly. We will show



a surprising relationship between the two by proving that a sequence of couplings of one
type converges to the other coupling in a particular topology. In essence, the analysis
shows that the coupling employed by Anderson and Higham in [§] maximizes the ability
of the two process to re-couple during the course of a simulation.

In Chapter [ we analyze a class of systems with a delay in the completion in one
or more of their reactions. This problem was motivated by a series of conversations
with Prof. Laurence Loewe in the University of Wisconsin Laboratory of Genetics and
the Wisconsin Institute for Discovery. In particular, we assume that some reactions
take a nontrivial time to complete, and this assumption causes the system to be non-
Markovian. Such instances happen, for example, in gene transcription, a basic biological
event necessary for the modeling of any genetic network. Previous results in the literature
pertaining to biochemical models with delay detailed the expected behavior of the system
[65] and the modeling of the system via delayed ordinary differential equations [18]. In
this dissertation, we derive the law of large numbers limit under the classical scaling
for a special class of stochastic models with delay in order to derive the correct delayed
ODE model.

Finally, in Chapter |5| we conclude this dissertation with some miscellaneous results
and a description of a software package written in the Python language that auto-
matically generates MATLAB code for the implementation of multi-level Monte Carlo.
Complexity of writing such code is one of the bottlenecks to the widespread implementa-
tion of MLMC. The package generates the code from simple inputs of the basic network
stoichiometry, the system parameters, and an initial condition. Another result in this
final chapter, and the one which is perhaps the most immediately applicable of the en-

tire thesis, is the extension of the MLMC algorithm to the setting of sensitivity analysis



for stochastically modeled biochemical systems, thereby producing the most efficient

method for sensitivities available today.

1.2 Mathematical Model

1.2.1 Base model and State Space

A chemical reaction network (CRN) consists of three components: a set of species S,
a set of complexes C, and a set reactions R. Each complex is a non-negative linear
combination of the species, and each reaction transforms a reactant complex to a product
complex. Each reaction has a corresponding reaction rate constant, which parametrizes
the rate at which the reaction takes place. A CRN can be represented by a weighted
digraph, with the complexes and the products serving as the nodes, and the reactions

as the directed edges. For instance, the CRN with
S={A,B,C,D,E} C={A+B,C,D,E}

and reactions

D 3 92F

can be represented as the disconnected, weighted digraph given in Figure Such a

graph is typically termed a reaction graph.



™
A+B ——— C
Ts
I CE e
] T3

A

=

Figure 1: A graph representation of CRN (|1.1]).

Having a notion of a network, we turn to developing a dynamical system governing
the behavior of the populations of the species. We may represent a state of the system
by a vector in R?, where d is the number of species. In the case of , d =5, and the
coordinates 1 through 5 correspond to species A through E, respectively. If X is a state
of the system, X; represents the number of particles of the ith species present in the
system. We associate with the reactions a set of vectors determining the net change in
the composition of the system due to their occurrences, {(; k = 1, ..., R}, with ¢, € Z4.

For the example (1.1)) we have,

=y [0 | = [0 | [0 ]
—1 1 0 0 0
G=1| 1|, @=]0|, 6= 1 |,Ga=|-1|,G=]| 0 (1.2)
0 0 0 0 ~1
| 0| 0 | 0| 0| 2|

For example, in the first reaction, one of the A particles and one of the B particles are

consumed to make a C particle, and hence the entries in vector ;. We can also associate



to each reaction the reactant complexes vector;

1 1 0 1 0

1 0 0 0 0
n=101,Yv=0|-»=]1]| Y= |0|,"»=1]0 (1.3)

0 0 0 0 1

0 | 0 | 0 | 0 | 0]

The entries for v3 is zero everywhere except for the third coordinate, because the reactant
complex of the third reaction is C'. Associating to each reaction the product complex vy,
we see that (, = v}, — 5. Throughout the text, we will use d for the number of species,

R for the number of reactions, and (j for the kth reaction vector.

1.2.2 Dynamical System

Biologists are interested in the dynamics of the populations of chemical species over time.
Let (S,C,R) be a CRN, with R consisting of R > 0 reactions. For k =1, ..., R, we would
like to define the reaction intensity (or rate/propensity) functions Ay : R%yxRsg — R,
which represent the rates at which the reactions take place. If X;(¢) represents the
amount of the ith species in the system at time ¢, the natural deterministic model to

consider would be the solution to the ODE

X(t)=X(0)+ Z/o M (X (8), 8)dsC.

On the other hand, we can also consider the stochastic model

R

X () = X(0) + > Nu(t)C (1.4)
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where Ny is a counting processes for the number of occurrences of the reaction k. For

simplicity, we would like to use a Markovian model for now. That is, we will assume

)\k : R%O — RZO and
P(Reaction k occurs in (t,t + At]| X;) = A\ (X (1)) At (1.5)

so that the likelihood for a specific reaction to take place in the next infinitesimal time
frame depends only on the current state of the system. The assumption is indeed
not perfect. No chemical reactions are processed instantly. In a strict sense, we must
consider the delay within each reaction. We shall revisit this point later in Chapter [4]
Let {Yi;k =1,..., R} be a set of unit rate Poisson process. The following model based
on a random time change of Poisson process is in accord with , and is a critically

important representation used throughout this thesis,
R t
X(t)=X(0)+) Y (/ /\k(X(s))ds) Ce. (1.6)
k=1 0

This model, however, is defined only up to 7., = lim,, ,o 7. Depending on the choice
of propensity functions, the process might explode in that 7., < oo. We will discuss this
issue later in Chapter [f

We have not yet discussed the choice of intensity function ;. The most common
choice for both biologists and chemists is that of mass-action kinetics, and its usage
dates back to the work of Guldberg and Waage [42] in 1864. Under mass action kinetics,

intensity functions take the following form.

() = rkg (m e )

For example, for the model with reactions (1.1, the intensity functions are

TlXA(t)XB(t), TQXA(t), Tch(t), T4XA(t)7 7"5XD(t),
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yielding the representation

x(0) =X+ i ([ Xt Xatsids ) %2 [ rxaons)

+Y; (/Ot 31Xc(s>ds) (+Y) </Ot mXA(s)ds) C1+Y; (/Ot r5XD<s)ds) Gs-

(1.7)

1.3 Properties and characterizations of the stochas-
tic models based on the random time change
representation

In this section, we will discuss our stochastic model with more concreteness. We will
describe its probability space and introduce properties that will become useful in this
dissertation. The works in this section are organized from [I0], [51], [57], the last of

which is in French. We filled in the details which we deemed essential.

1.3.1 Probability Space of the Stochastic Model and the Meyer-

Knight theorem

Let (S,C,R) be a CRN with d species and R reactions. Any path of our stochastic
dynamical process X realized in the way of (in particular of (L.6)) is determined
completely by the set of counting processes { Ny;k = 1,..., R} that counts the number
of reaction occurrences. Let J[0,00) be the collection of non-negative integer valued
cadlag functions that are constant except for jumps of size 1. The probability space of

our stochastic model will hence be 2 = J[0,00)%. We are going to derive the probability
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measure for the process X given by a solution to

X(t A7) =X(0)+ Y Vi (/OW" Z(s)ds) (1.8)

with

7, = inf {r;ng (/0 Z(s)ds) - n} . (1.9)

where Z is a process adapted to the natural filtration of X. We will assume that X (0) is

deterministic. Because we are stopping the system at time 7,, this model never explodes.

To construct the desired probability measure, we will begin from the probability mea-
sure Q under which processes { Ny; k = 1, ..., R} are mutually independent unit Poisson
processes. We will suppose that the processes are adapted to the complete filtration F;.
Based on ), we will construct a measure P < () under which { N} are equal in law to
{Yk < f; Z (s)ds)} in (L.8). Our main tool will be the Meyer-Knight theorem (theorem
1.8). The Meyer Knight theorem is a generalization of the Watanabe’s characterization
of the Poisson process, which states that a pure jump process N with jump size 1 is a
Poisson process with rate A if and only if N(¢) — At is a martingale with respect to the

natural filtration of V.

When changing the measure, Bayes formula and the ensuing theorem become useful.

Theorem 1.1. (Bayes formula, generalized) Let L and Z be random variables on a
probability space Q). If D is a sigma algebra and dP = Ld(Q), then

EQ[ZL|D]

EU AP = oty
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Theorem 1.2. Let M be a martingale with respect to a filtration F; under ). Also,
let P be an absolutely continuous probability measure with respect to ), and suppose
M(t)dQ|z, = dP|z. Then a process G is a P-martingale with respect to F; if and only

if GM is a QQ-martingale with respect to F;.

Proof. By Bayes formula, Eg[M (t+h)(G(t+h) —G(t))|F:] = 0 if and only if Ep[(G(t+

h) — G(t))|F] = 0. Also, by the martingale property of M,
EQ[M(t + h)G(t)|F] = G(t)Eq[M(t + h)|F] = M(t)G(t)
Thus Eg[M(t+ h)G(t + h)|F]) = M(t)G(t) if and only if Ep[G(t + h)|F] = G(t). O

Also, we will be using the following basic facts about martingales and stochastic

integrals. For simplicity we denote [, A(s)dB(s) by (A - B)(t).

Lemma 1.3. A positive local martingale M, with E[M;| = E[My] for all t is a martin-

gale.
Proof. Let 1, be the localizing sequence of M. We know that E[M;.,,] = E[M,], so
E[nlgfolo Mins,| = E[My] = E[Mo] = nlggo E[Mis,]
If s <tand A € F,, by the martingale property of M, ,
EMin-,14] = E[Mpr,14]

Now, use the generalized dominated convergence theorem to take n — oo on both

sides. O

Lemma 1.4. IfV is cadlag and M is a positive square integrable martingale, then V - M

s a martingale.
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Proof. Without loss of generality we may suppose that V' is non-negative. This follows
since any V can be written as the difference V, — V_ of non-negative cadlag functions,
and a difference of two martingales is a martingale. Since V' is locally bounded with some
localizing sequence, V - M is a locally square integrable martingale. Let V¢ = V A C.
Then clearly

E[(VE - M)(®)] = E[(V - M)(0)].
By the monotone convergence theorem we obtain
E[(V - M)(#)] = E[(V - M)(0)].
By lemma V- M is a martingale. O

Lemma 1.5. Let N be a Poisson process adapted to F;, and let V be a cadlag pro-
cess adapted to F; . Denote by N the compensated Poisson process. Then'V - N is a

martingale.

Proof. Again without loss of generality assume V positive. Let V¢ = V A C. Then

VY. N is a martingale. If A € F,, then by martingale property,

E[{(VE-N)y = (VE-N)}Ha] =0
: (1.10)
E[(VC-N) 14— E[(VC - N),14]=F U vc(r)dmA}

S

By the Monotone convergence theorem applied to each expectation,
t
BV N)al = BV - N1 = B | [ Viryar]
Implying that

E[(V-N): = (V- N)s)la] = 0.

The claim follows. O
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Now, let { N;} be Poisson processes on (€2, F, Q) and let {Z;,i = 1, ..., R} be processes

with the following properties:

o Z,(tN\T,) is cadlag.

e N;(s) = N;(s—) when Z;(s) = 0.

e /; is adapted to F;.

e /; is non-negative.
In what follows, Z; will serve as the reaction rate function for the reaction i, and NN;
will be the counting process that counts the number of the occurrences of the reaction
1. We need the first assumption to prevent the propensity from exploding with only a
finite number of reactions. We need the second assumption because no reaction shall
take place when the propensity is 0. We want the third assumption because we do not

want the value of Z; to depend on future information.

We define the Girsanov exponential Radon Nikodym Derivative based on Z as follows:

L{t) = ﬁexp (/Ot In(Z;(s—))dNi(s) — /Ot(Zi(s) - 1)ds) (1.11)

We then change the measure @) to the measure P defined by dP = L(7,)dQ on F, ,

where 7, is as in (1.9). The following property of L(t) ensures that our change of measure

is a bona-fide change of probability measure.

Lemma 1.6. L(t) is a local martingale with localizing stopping time T,.
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Proof. By Ito’s formula,

R ¢
L(t) = L(0) + Z/O L(s—)In(Zi(s—))dNi(s) — /O L(s)(Zi(s—) — 1)ds
+5 | ez s=)ani(s) + S(20s) — Lis-)
3D L) Y M N(s) ~ Nl )) & 3 ) S N(s) — M)

Now noting that

> (L(s) = L(s—)) = Z/O L(s=)(Zi(s—) — 1)dNi(s)

s<t

and that the first derivative and the second derivative terms cancel out, we see that

R t
L(t)=1+ Z/O L(s=)(Zi(s—) — 1)d(N; — s).

Since Z(t A 7,) and L(t A 7,,) are both cadlag and positive, L(t A 7,,) is a martingale by

lemma [L.5 O

Lemma 1.7. If dP = L(7,)dQ, then this is a change of probability measure, and dP =

L(t A 1,)dQ on Fip, -

Proof. We will use the method similar to theorem [1.12] which will mention later. Since
we know that Q(7, < o0) =1, P(7, < o0) = 1 as well by the absolute continuity of P

with respect to Q). Therefore P(L(7,, A 00) = L(1,,) < o0) = 1. By definition,
P(L(7y) < K) = E°[L(7,); L(1o) < K]

Then applying monotone convergence theorem to the both sides, we see that

P(L(1,) < 00) = E9[L(7,); L(7y,) < o]
(1.12)

1= E°[L(r,)].
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This shows that

1= lim EC[L(tA7,)] = EQ[tlijoao L(t A7p)] = E°[L(7,)].

t—o00

Now, if A € Finr,, and t < T, then by optional sampling theorem
E[L(T N 1p)14] = E[L(t A 7)1 4]

By the generalized dominated convergence theorem, as T T oo the left hand side con-

verges to F[L(7,)14], and the claim follows. O

In the next subsection, as promised, we will finally show that the set of processes
{Ny,k = 1,.., R}, which are independent unit Poisson under @), are solutions to the

system
tATh
Nk(t A Tn) = Yk (/ Zk<8)d8>
0

under the measure P with dP = L(7,)dQ. To proceed, we need a theorem developed by

Meyer based on the work of Knight [57].

1.3.2 The Meyer-Knight theorem

We need some definitions before introducing the Meyer-Knight theorem. Let X and Y be
cadlag processes which are both adapted to F;. Let us denote the quadratic covariation
of X and Y by [X,Y]. The sharp bracket (X,Y") is defined as the unique predictable
process such that

(X, Y] - (X,Y)

is a martingale. We say X and Y are orthogonal if (X,Y) = 0. Also, we say that

a stopping time o is predictable if there is a sequence of stopping times o, for which
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o, — 0. A stopping time 7 is totally inaccessible if for any predictable stopping time o,
Plo =7 < o0)=0.

In other words, totally inaccessible stopping time cannot be approximated by any in-

creasing sequence of stopping times.

Theorem 1.8. (Meyer-Knight) Suppose {X;}!, are mutually orthogonal (In the

sense of sharp Bracket) purely discontinuous Elmartmgales with totally inaccessible jumps

of size 1. If
Y(t) = (Xi, Xa)
and
Qit) = Xi(v' (1)),
then {Q;}", is a set of mutually independent, compensated unit Poisson processes.
We are going to use theorem together with lemma to prove the following;

Lemma 1.9. Put

Then U;(t A 7,) is a martingale with respect to P. That is,

(N A ), Ni(t A 7)) = /0 " Zi(s)ds.

Proof. With integration by parts,

Lt AT)Ui(t A 1) = L(O)UL(0) + / M L (s—)dU(s)
. 0 (1.13)
+ [ UL ) + O Li(e A )

3its quadratic variation is a pure jump process
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The third term is a martingale by lemma [I.4, Now the remaining terms simplify to
tATh tATh
| e + e = [ L) N () - Zi(s)ds)
0 0
t
+/ L(s—)(Z;(s) — 1)dN;(s) (1.14)
tATh °
_ / L(s—)Z(s)d(N; — )
0

This is a martingale by lemma . Now seeing that U;(t AT,) is adapted to F.r, , we can
apply lemma [1.2| with M (t) = L(t A T,,) together with lemma |1.7|to claim that U;(t A 7,)

is a martingale with respect to P. O]

Now we are one step away from applying the Meyer-Knight theorem. We need to

show that U; has totally inaccessible jumps.

Lemma 1.10. If G is a pure counting process for which G — ~ is a martingale for a

continuous, monotonic vy, then G’s jump times are totally inaccessible.

Proof. By definition, a jump time 7 is totally inaccessible if for any predictable stopping
time o, P(oc = 7 < 00) = 0. Clearly, {G(c) — G(c—) > 0} on the event {0 =7 < o0}.
Therefore P(c = 7) < P(G(0)—G(0—)), and it suffices to show that, for any predictable
stopping time o, E[G(c) — G(o0—)] = 0. Note that, since o is predictable, there is an
increasing sequence of stopping times o, such that lim,,_.., 0, = ¢. By the monotone

convergence theorem (MCT), we get

E[G(0) — G(o—)] = lim E[G(0) — G(a2)] (1.15)

n—oo
By the optional stopping theorem, E[G(0,)] = E[y(0,)]. Therefore again by the MCT

and the continuity of ~,

lim E[G(c) — G(on)] = lim E[y(c) —v(5,)] =0 (1.16)

n—o0 n—oo
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With all of the above in mind, we finally have the following claim;

Theorem 1.11. Let dP = L(71,)dQ. Then {N;} under P is distributionally equal to the

{Ni(t AT) =Y (/OW” Zi(s)ds> } |

solution of

under P.

Proof. Put G;(t) = N;(t A 7,,). By lemma [1.9]

under P. That (G;(t),G;(t)) = 0 for i # j is obvious. Note that ;(t) = fOtAT" Z(s)ds is
absolutely continuous, and this makes the jumps of G; totally inaccessible. If ;1 (t) =
inf{s;vi(s) < t}, the Meyer-Knight theorem tells us that {G;(~;(¢))} is a set of inde-
pendent unit rate Poisson processes. Since 7;(t) is monotonically increasing for every

event w, this tells us that

Gi(t) =Y (v(t)) (1.17)

as desired. 0

It is critical that we change the measure with L(7,) instead of L(¢) if the process is
explosive. For example, suppose R = 1, and let ) be the space of the set of all paths of

a Poisson process. Consider a process N; which is a unit rate Poisson process under a
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probability measure Py, and a process Ny which is a solution to

Ny(t) =Y (/Ot(1 + N§(s))ds>

under another probability measure P,. Then while P|F. A, < Pi|F.Ar, holds, P|F; <
Py|F; does not hold for any ¢. To see this, note that for each ¢, the event of explosion
has positive measure with respect to P», while it has measure zero with respect to P;.
Also, if N3 is a Poisson process with constant rate 2 under the measure Pz, then
while P3|F; < Pi|F; for all finite ¢, P3|F. is not absolutely continuous with respect to
N(t)

Pi|F. To see this, note that the measure of the event on which lim;_,, —— = 2s zero

under P;, while it is 1 under Ps.

On the other hand, If P(lim,, ,o 7, > T) = 1, that is, if under P the process N up
to T is not explosive, we hope to use L(T') to change the measure () on Fr. When the

process is non-explosive, we can appeal to the following very useful theorem.

Theorem 1.12. Let (2, F) be a measurable space, and let P and Q) be probability mea-
sures on F. Suppose that D,, C D, 1 and that for eachn, P|p, < Q|p,. Put L, = %‘D
and lim L,,(t) = L(t) . Then P < Q on D =V, D,, and L(t)dQ = dP on D if and only

if P(limsup,,_,., L, < o) =1.

Proof. Tt suffices to show that E¢[L(t)] = 1 = lim E9[L,(t)]. To see this, note that
with this assumption, we can use the generalized dominated convergence theorem to
show EQ[L1,4] = lim, ,o E®[L,14] = E®[L,(t)14] for any arbitrary n and for any
A € D,(t). First, by Fatou’s lemma E®[L(¢)] < 1. This in particular means that

Q(sup,, L,(t) < oo) = 1. Next, using the dominated convergence theorem and the
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monotone convergence theorem,

P(sup L, < K) = E°[Ly1(sup L, < K)]

n<N n<N

P(sup L, < K) = E°[L1(sup L,, < K)]
n n (1.18)

1= P(sup L, < 00) = E?[L1(sup L,, < o0)]

= E®[L].

O

Corollary 1.1. Define dP = L(7,)dQ on Fip., as before, and suppose P(lim,, . 7, >

T) = 1. Then P|Fr < Q|Fr with L(T)dQ = dP on Fr, and {N;} under P|Fr is a

{menn—vi([ Zs)as) |

solution to

under P.

Proof. Since lim 7,, > T" P-almost surely, Zf;l N;(T) < oo P-almost surely. Also, since

Z is cadlag, fOT Z(s)ds < oo as well. Thus by our assumption

Lo(T) < ﬁexp {/OT log(Zi(s5—))dNi(s) + /OT Zi(s)ds} < 00

for all n. We can therefore appeal to theorem[1.12} and use L(¢ AT) in place of L(tAT,)

everywhere in the arguments above. O

We will mention a condition of non-explosivity in Chapter For the rest of this
dissertation, we will consider non-explosive CRNs. We use the representation (1.6 in

all other Chapters.
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Let A, : J[0,00)® x Rsg — R>o be a non-anticipating function; that is, A\x(z,s) =
Ar(z(- A's),s). Then we may use (N, s) in place of Z, and we obtain the model ([L.6)).
Also, if ¢ ¢ ¢}, for all k& # k', a path of X determines the paths of { Ny} completely, and
indeed vice versa. Therefore the natural filtration of { Ny} agrees with that of X. For
example, if

A —2A

is our CRN, and if X4(0) = 1, then \;(N,s) = N(s) + 1.

In fact we can construct the process N from X under P forward in time. The
construction not only justifies the condition ([1.5)), but also gives rise to a simulation

algorithm known as the next reaction method ([58], [24]).

Algorithm 1.1. Let t = 0 be the current time, and let T" be the terminal time of the

observation. First, assign 1, = expog(1) for each k =1,... R.
1. Compute \p(X,t) for each k =1,...R.
2. Compute T = min({1/ (X, 1)}), and win = {k ; 7/ (X, t) =7}
3. update

(a) Twin = expo(1)
(b) Update t to be t + 7/Apin(X(t)). If t > T, break from the algorithm.
(¢) X(t) = X(t) + Cuin

(d) return to[l
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The algorithm also illuminates the fact that we are constructing the probability

measure for the process from that of unit rate Poisson processes.

1.3.3 Intensity

The result of lemma [1.9] assures that

Ni(t ATy) = Y ( /0 o Zi(s)ds) - /0 " Z)ds

is a martingale with respect to the filtration F;,,, . In the context above, we say Z; is
the intensity of N;.

With the definition of intensity, we can also discuss the concept of “thinning” a
counting process. Let, for instance, R be a nonexplosive pure counting process with
intensity A(R,s). If p : Z>o — [0, 1], we would like to construct a new counting process
Ry such that only when R jumps at time ¢, R; jumps with probability p(R(t—)). Let
&0, &1, ... be independent, uniform random variables. Also, for n > 1 let 7,, again be the

nth jump time of R. Then we can define

o [t R((tAT)-)
Ri(tAT,) = / Lop(re— (Ereo)dR(s) = > Lpp(re— (&)- (1.19)
0

k=0

It Rt A7) Y REAT,) — ["™ A(R, s)ds, then we see that

Ru(t A ) — / " D(R(s—)M(R, 5)ds = / ot Eney) — p(R(s—))dR,

+ / " p(R(s—)dR(s)
(1.20)

is a martingale. We can therefore say that the intensity of R; is p(R(s—))A(R, s), and

by the Meyer-Knight theorem, it is distributionally equal to Y (fgp(R(s—)))\(R, s)ds)
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for a Poisson process Y.

The notion of thinning allows us to craft still another representation of ((1.6). Let
N be a pure counting process with intensity Ag(N, s) e/ " M(N,s). Then we can

decompose N into

R
N=> N
k=1

with Ny such that whenever N(t) — N(t—) = 1, Ni(t) — Ni(t—) = 1 with probability

pr(N,t—) = f\’g&]g::; . By appealing to the Meyer-Knight theorem again, we see that X in

(1.4) constructed from this set of IV, is equal in law to the solution of ([1.6). As opposed
to the next reaction method ([1.1)), this construction motivates the following method of

generating the distribution of (1.6]).

Algorithm 1.2. Let t = 0 be the current time, and let T" be the terminal time of the

observation.
1. Compute \o(X,t) = S8, M(N, 1).

2. Generate a categorical random variable n(X (t)) such that n(X(t)) = (& with prob-
ability \p(X, 1)/ o(X, 7).

3. update

(a) t=t+ 7. If t > T, break from the algorithm.
(b) X(t) = X(t) +n(X(t))

(c) return to ]

This method is referred to as Gillespie’s method, or the stochastic simulation algo-

rithm (SSA) [39].
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1.3.4 Martingale Problem

Lemma tells us that, if X is given by ((1.8)), then
tATh
X(tAT) — ng/ Me(X, 8)ds (1.21)
k/. 0

is a martingale with respect to its natural filtration. In fact X can satisfy another
martingale property.
Let U be a Feller Markov process, and denote E[f(U(t))|U(0) = u] = E,[f(U(t))].

Then we define

Af(u) = Aliglo E,fU(t+ AtA)i — E,[f(U®)]

to be the generator of X. Then

M(t) = F(U(1)) - / AF(U(s))ds

is a local martingale relative to the natural filtration of U [32]. Let C be the vector
space of bounded continuous functions. We may associate the operator A with its graph

G, which is the completion of
{(f,Af), feC}

in the uniform continuity norm. We say U is a solution to a local martingale problem

for the closed graph @ if for each (f,g) € G,

U ) - / g(U(s))ds

is a local martingale.

We would like to address the martingale problem for a process of type (1.6]). Let us

suppose that A\, (X, s) depends only on X(s), that is, A : R? — Rsq and we can write
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A(X, 8) = M (X (s)). Then we have a very simple formulation of the generator of X .

Let £ = R%U v be the one point compactification of R, and let
Too = inf{t : X(t—) = v}.
Next, for f € C vanishing off a finite subset of Z¢, put

R : d

@) (fe+G)— f(r) ifreZ
Af(z) = k= M) (f (@ + Ge) — f(2)) (1.22)

0 ifr=wv
Theorem 1.13. Suppose X satisfies (1.6) with X(t) = v fort > 7o. Then X is a
solution of the local martingale problem for A. Moreover, if X is another solution of the

local martingale problem for A with cadlag sample paths satisfying X (t) = v for t > 7o,

then X is version of X.

Ethier and Kurtz ([32], Chapter 6, section 4) provides a rigorous proof to this theorem
using random time change theory. Although less rigorous, we also have an intuitive

description of A as well. Note that

R
E[f(X(t+dt))|f(X Z F(X(t) + Cx) P(kth reaction occurs in [t, t + dt])

k=1

+ f(X(t))P(no reaction occurs in [t,t + 0t])

R
Z t) + ) M(X (1)) + f(X <1—Z)\k )

E[f(X(E+ o) [f(X(0)] = f(X(1) = Af(2)dt

I

(1.23)
taking 0t to 0, we obtain the expression in (1.22). When f is an identity function, we

obtain (1.21)). We note that f(X) is a statistics of X, and its expectation is oftentimes

a value of interest for Biologists.
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1.3.5 Multiparameter Filtration

Sometime, it is useful to use the filtration of the unit rate Poisson processes in place
of the natural filtration. The following definition becomes useful in Chapter [2| which
considers the weak-analysis of Runge-Kutta type simulation methods. Let u € Rgo. We

define the multiparameter filtration F,, as follows:

Fu=0{Yi(sp) : sp <up,k=1,..., R} (1.24)

FE = a{Yi(s) : sk < U, Yo (Sm), 5m < 00} (1.25)

Also define
t
mlt) = [ (X,
0

Lemma 1.14. n,(t) is a stopping time with respect to .7:"5

Proof. Define vy by
vg(t)
:/ (X (s))ds.
0
Then

{m(t) < u} = {t < vp(u)}EF.

and the claim follows. O

Multiparameter filtrations are described in more detail in Chapter 6 of [32]. By the

optional sampling theorem,
EYi(mi(t))] = Eln(t)]
Also, if
n(t) = {m ), m(t), ..nr (1)},

and ( (. for all k& # k', then the natural filtration of X is .7:'77(,5).
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Chapter 2

Numerical methods for the weak

analysis of biochemical processes

The content of this chapter has appeared in SIAM journal of multi-scale modeling and
simulation [9]. If X is a cadlag stochastic process in R? describing the population
dynamics of a chemical reaction network (CRN) as in (L1.6), and if Jga[0, 00) is the set
of all cadlag paths in RY, we often would like to know the value of E[f(X)] for some
function f mapping Jra[0,00) to R. Since E[f(X)] is determined by the distribution
of X, its analysis can be referred to as “weak analysis.” One way to approach this
problem is to use Monte Carlo methods, which is a computational algorithm that relies
on repeated sampling. If, for example, {X;,7 = 1,..., N} are independent samples of X,

then

N
X 21)

i=1
serves as an unbiased estimator for F[f(X)]. As we introduced in the first chapter,
we can simulate the continuous time Markov chain model of a CRN exactly by us-
ing Gillespie’s algorithm ([1.2)) or the next reaction method . There is, however,
a shortcoming associated with these exact algorithms in that they must simulate ev-
ery transition of the Markov model. To be more specific, note that, in the Gillespie’s

algorithm, the time At between the jumps is an exponential random variable with a
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parameter of >, Ap(X(¢)). If

<1, (2.2)

1
Xk: M(X(t)>1  sothat  EAt= S X

then the runtime needed to produce a single exact sample path can be prohibitive.

A straightforward resolution is to compromise bias in favor of runtime cost. In other
words, we may reduce the complexity of the model and allow some bias. Munsky [61],
for example, took the route of simplifying the system itself to a finite state space and

then explicitly computing the solution to the forward equation

d

where g(z,t) = E,[f(X(t))] and A is the generator of X. This method is used, for exam-
ple, in Marques-Lago’s work [56]. Another approach is to use Euler/Runge-Kutta type
algorithms. These algorithms discretize the continuous time Markov chain with a fixed
time step and reduces the number of random variables to be generated per path. These
numerical methods are oftentimes the most reasonable choices to aid in understanding
the models in real time. FEuler/Runge-Kutta type stochastic simulation algorithms are

also referred as tau leaping methods [24].

In this chapter we provide a general framework for understanding the weak error of
numerical approximation techniques in the setting of CRNs. We quantify how the errors
of three different methods depend upon both the natural scalings within a given system
and the step-size of the numerical method. Further, we will introduce a new Runge-

Kutta type algorithm, the weak trapezoidal algorithm, which was developed originally
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as an approximate method for diffusion processes [I1] . We prove that the leading order
of the bias of this new algorithm scales with the square of the time discretization, making
it the first of the kind. As the cost per path is not appreciably more than that of the

Euler’s method, the new algorithm is an attractive choice.

2.1 Tau leaping methods

Throughout the chapter let X denote the solution to in the first chapter. For
approximate methods, we will sometimes consider an arbitrary method and will in such
cases denote the solution as Z. Other times we will distinguish the Euler, midpoint, and
Trapezoidal methods, by Zg, Zy, Ziyep, respectively. We will always begin the methods

from the same initial condition, namely X (0) = Z(0) = xy.

Remark 2.1. Historically the time discretization parameter for the methods described
in this dissertation has been T, thus giving these methods the general name “T-leaping

”»

methods.” We choose to break from this tradition and denote our time-step by h so as

not to confuse T with a stopping time.

2.1.1 Euler tau leaping

The approximate algorithm termed explicit tau-leaping was developed by Dan Gillespie
in [40] in an effort to overcome the problem described above that At, the amount of
time that must pass before the next reaction event, may be prohibitively small. The
basic idea of tau-leaping is to hold the intensity functions fixed over the time interval
[tn,tn + h] at the values A (X(¢,)), where X(t,) is the current state of the system,

and, under this assumption, compute the number of times each reaction takes place
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over this period. Note that this method will potentially yield lower runtimes only if
h > 1/>, \(X(t,)) = At. As the waiting times for the reactions are exponentially
distributed this leads to the following algorithm, which simulates up to a time of 7" > 0.
Below and in the sequel, for x > 0 we will write Poisson(z) for a Poisson random variable

with a parameter of x.

Algorithm 2.1 (Euler tau-leaping). Fiz h > 0. Set Zg(0) = o, to = 0, n = 0 and

repeat the following until t,, .1 =T':
1. Settpoy =ty +h. Ift, 1 >7T, settyy =T and h=T — t,,.

2. For k € {1,..., R}, let Ay, = Poisson(A\.(Zg(t,))h) be independent of each other

and all previous random variables.

4. Setn <+ n+1.

Several improvements and modifications have been made to the basic algorithm de-
scribed above over the years. However, they are mainly concerned with how to choose
the step-size adaptively [24], 41] and/or how to ensure that population values do not go
negative during the course of a simulation [I}, 23], 25], and are not explicitly relevant to
the current discussion of convergence analysis.

Similar to ([1.6)), a path-wise representation of Euler tau-leaping defined for all ¢ > 0

can be given through a random time change of Poisson processes:

Zg(t) = Zg(0) + ; Y, ( /0 t Mo(Zg o n(s))ds> Cr, (2.3)
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where the Y}, are as before, and 7(s) «f L%J h. Thus, Zg(n(s)) = Zg(t,) ift, < s < t,i1.
Noting that ["*' \u(Zion(s))ds = S0 Ae(Zp(t:)) (¢ 41 — ) explains why this method

is called “Euler tau-leaping.” Defining the generator-like operator

(Bf) (@) = ST M) (fla + G) — ), (2.4)

we see that for t > 0

Ef(Ze(t) =Ef(Zzon(t)) + E /(t) (Bzgon f)(Ze(s))ds, (2.5)

so long as the expectations exist. Equation (2.5) points out why we care about the
associated operators for each of our approximate methods: they will be used to gain the
necessary control over the difference Ef (X (t)) — Ef(Z(t)), called the weak error of the

approximation, which is the focus of our dissertation.

2.1.2 Midpoint tau leaping

A midpoint type method was first described in [0][] and analyzed in [7]. Define the

function
def 1
plz) € 2+ §h2k: Me(2) G
which computes an approximate midpoint for the system assuming the state of the

system is z and the time-step is h. The following algorithm simulates up to a time of

T > 0. Note that only step (i7) changes from Euler tau-leaping.

Algorithm 2.2 (Midpoint tau-leaping). Fiz h > 0. Set Zy(0) = xg, to =0, n =0 and

repeat the following until t, .1 =T':

!The midpoint method detailed in [40] is actually a slight variant of the method described here. In
[40] the approximate midpoint, called p(z) above, is rounded to the nearest integer value.
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1. Settpyy =ty +h. Ift,p1 2T, settyy =T and h=T —t,.

2. For k € {1,..., R}, let Ay = Poisson(A, o p(Zn(t,))h) be independent of each

other and all previous random variables.

3. Set ZM(tn—i-l) = ZM(tn> -+ Zk Aka

4. Setn<+n+1.

Similar to (1.6) and (2.3)), Z(t) constructed via Algorithm can be represented

for all t > 0 via a random time change of Poisson processes:

Zunlt) = Zu(0) + 3 Vi ( [ e p<ZM<n<s>>>ds) G (2.6

where 7(+) is as before. For B, defined via (2.4), any ¢ > 0, and Z); generated via (2.6)

we have
Ef(Zy(t)) =Ef(Zyon(t)) + E/(t)(Bponon(t)f)(ZM(s))ds,

so long as the expectations exist.

2.1.3 Weak Trapezoidal tau leaping

We will now propose a trapezoidal type algorithm to approximate the solutions of .
The method was originally introduced in the work of Anderson and Mattingly in the
diffusive setting where it is best understood by using a path-wise representation that
incorporates space-time white noise processes, see [11]. It can similarly be understood
in the current setting of jump processes by using a representation that utilizes Poisson

random measures.
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In the algorithm below, which simulates a path up to a time 7" > 0, it is notationally

convenient to define [z]T =z vV 0 = max{x,0}.

Algorithm 2.3 (Weak trapezoidal method). Fiz h > 0. Set Z(0) = xo, to = 0, and

n=0. Fizing a 0 € (0,1), we define

1 1 def
20(1—0)

&1 o (2.7)

We repeat the following steps until t,.1 =T, in which we first compute a 8-midpoint y*,

and then the new value Zyqp(tn11):
1. Sett,y1 =ty +h. Ift, 1 >T, sett,y1 =T and h=T —t,.

2. For k € {1,..., R}, let A1 = Poisson(Ay(Ziyap(ts))0h) be independent of each

other and all previous random variables.

3. Set y* = Zyyap(tn) + D5 M G-

4. Forke{l,... R}, let Ayo = Poisson([§1 Ak (y*) — &Mk (tn)]T(1 — 0)h) be indepen-

dent of each other and all previous random variables.
5. Set Ztrap(tn-i—l) = y* -+ Zk Ak,2<k-
6. Setn <+ n+1.

Remark 2.2. Notice that on the (n+1)st-step, y* is the Fuler approzimation to X (nh+

6h) starting from Zyqp(t,) at time nh.

Remark 2.3. Notice that for all 0 € (0,1) one has & > & and & — & = 1.
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We define the operator B,, ., b

(B, o f)(2) < D [(z1) = L2 (f(x + G) — f(2)).

Then, for n(t) <t <n(t) + 0h, the process Zy,, satisfies

Ef(Ztmp(t)) = Ef(Ztmp(n(t))) + E/ (BZtTap(n(t))f) (Ztrap<3))d37

n(t)

where we recall that B, is defined via (2.4)), and for n(t) +60h <t < n(t) + h, the process

Zirap Satisfies

t

Ef(Ztmp(t)) = Ef(Ztmp(n(t) + Qh)) + E/ (BZth(n(t)JrOh),Ztmp(n(t))f)(Ztmp(s))ds'

n(t)+6h

2.1.4 Previous error analyses

Under the scaling h — 0, Rathinam et al. performed a consistency check of Euler
tau-leaping and found that the local truncation error was O(h?) for all moments [62].
They also showed that under this same scaling Euler tau-leaping is first order accurate
in a weak sense in the case that the intensity functions A, are linear [62]. Li extended
these results by showing that as h — 0, Euler tau-leaping has a strong error (in the L2
norm) of order 1/2 and a weak error of order one [55], which agree with classical results
pertaining to numerical analysis of SDEs driven by Brownian motions (see, for example,
[50]).

Under the scaling h — 0 it is readily seen that midpoint tau-leaping is no more
accurate than Euler tau-leaping. This follows since midpoint tau-leaping consists of
making an O(h?) correction to the intensity functions used in Euler tau-leaping. As h —
0, this correction becomes negligible as Poisson processes “ignore” O(h?) corrections, and

the accuracy of the two methods will be the same.
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However, in many examples the midpoint method is readily seen to be more accu-
rate than Euler’s method in the discrete stochastic setting. In [7], Anderson, Ganguly,
and Kurtz provided an error analysis of Euler’s method and the approximate midpoint
method under the assumptions that (i) the system of interest satisfies the classical scaling

described in Section below and (i) the time discretization satisfies the requirement

h > ;
2k Me(Z(1)

(2.8)
where Z(t) is the state of the system at time ¢. The requirement is reasonable as
such approximation methods would only be used in a regime where h > At, where At
is the expected amount of time between reactions, for otherwise an exact method would
be performed. They proved that, in this specific setting, Euler’s method is an order
one method in both a weak and a strong (in the L' norm) sense. They proved that the
strong error of the midpoint method falls between order one and two (see [7] for precise
statements), and that the weak error of the midpoint method scales quadratically with
the step-size when condition is satisfied. The importance of the analysis in [7] is

that it pointed out the need to incorporate the natural scales of the system into the

analysis.

2.2 Scaled models

As discussed in and around , the approximate algorithms being considered are only
useful on the class of models which satisfy >, Ax(X(-)) > 1. There are at least two
different ways this behavior can be achieved. The first is that there could be a large
number of reactions, R > 1, in which case the approximate algorithms currently being

discussed will not provide an appreciable improvement in terms of runtime over the
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exact simulation methods. The other common way for >, A(X(-)) > 1 to hold is to
have either large abundances of certain species, or to have large rate constants, or both.
We will study the behavior of the different algorithms under this latter assumption. To
do so, we will introduce a scaling parameter, N, used to quantify the variations in the
sizes of the abundances and parameters. We emphasize that the scaling detailed below
is an analytical tool used to understand the behavior of the different processes, and that
the actual simulations using the different methods make no use of, nor have need for,
an understanding of V.

The specifics of the scaling used here have previously been used in [10} 17, 48]. Let

N > 1. Assume that we are given a model of the form

X0 = x0)+ 2 ([ Axeas) o

where the \) are of the form

/ o I‘ll
)\k(m) = Ky H (xz _ Vk:i>!’

=1
and where we recall that el v, — vg. For each species i, define the normalized

abundance (or simply, the abundance) by

XN(t) = N X,(t),

(2

where a; > 0 should be selected so that XY = O(1). Here X may be the species
number (o; = 0) or the species concentration or something else.
Since the rate constants may also vary over several orders of magnitude, we write

K}, = Kk NP* where the 8, are selected so that x; = O(1). Note that for a binary reaction

/ _ +a;ta N v N
R Xi Xy = Nowrotes g XNXN
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and we can write

B+ @i + o =P+ v -

We also have,

KpX; = Nﬁ’“Jr”’“'a/QkXiN, /<;§€XiN(XN —1)= NﬁkJrVk'aﬁkX{N(XiAN — N7,

7

where the source vectors are v, = e; in the first example and v, = 2e; in the second, with
similar expressions for intensities involving higher order reactions. That is, under the
mass-action kinetics assumption, we always have that A} (X(s)) = NFFvea), (XN (s)),
where )\ is deterministic mass-action kinetics with rate constants x;. Note that for
reactions of the form 25; — %, where * represents an arbitrary linear combination of the
species, the rate is NP2 XN (1) (XN (t) — N7, so if a; > 0, we should write A\

instead of A, but to simplify notation, we will simply write A\x. Our model has become

XNty =XN0)+ ) N </t NBkJr”k"“)\k(XN(s))ds) Ci, 1€{1,...,d}. (2.9)
k 0

Remark 2.4. We emphasize that the models (2.9) and (1.6)) are equivalent in that X is
a scaled version of X. This scaling will allow us to quantify the behavior of the different

algorithms, though plays no role in the simulation of the processes.

Remark 2.5. If B +vp-a=a; =1 forall i,k in , then we have what s typically
called the classical scaling. It was specifically this scaling that was used in the analyses
of Euler and midpoint T-leaping found in [7]. In this case it is natural to consider X
as a vector whose ith component gives the concentration, in moles per unit volume, of

the 1th species.

The focus of the dissertation will now shift from ([1.6) to the equivalent (2.9). To
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analyze how the different algorithms approximate X%, we will need some terminology

which we collect below.

2.2.1 Terminology and definitions

For any vector w € R?, define w” to be the vector with ith component

def Wj
wN = s
i T N

and define

Ly = {2" |z €Z%}.
By construction, the process (2.9) lives in Ly, and its generator is
AV () = 3NN ) (F o+ ) — ().
k

For f: LY — R and any ¢ > 0, Dynkin’s formula is now

Bao X (0) = Jo0) + Ex, [ AN (X (s))ds,

which holds so long as the expectations exist.

To quantify the natural time-scale of the system, define v € R via

d
véf max {0 + vk - — a4},
{ik : (N0}

(2.10)

(2.11)

where we recall that 14 is the source vector for the kth reaction. It is worth noting that

v = 0 if one assumes the system satisfies the classical scaling discussed in Remark [2.5]

However, v = 0 in many other settings as well. We will see that our main results are

most useful when v < 0.
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Example 2.6. As an instructive example, consider the system

100
St
100

S

with X1(0) = X(0) = 10,000. In this case, it is natural to take N = 10,000 and
a; = ag = 1. As the rate constants are 100 = /10,000, we take 1 = 2 = 1/2 and find

that v = 1/2. The equation governing the normalized process X} is
t 1 t 1
XNt =X7¥(0) - v (NWN/ X{V(s)ds> RRL (NWN/ (2 — X{V(s))ds) ~
0 0
where we have used that X + XV = 2.

We define the operator V& for the kth reaction via
def Ureci—
Vi flw) = N0 (f o+ () = f(2). (2.12)
In Example above, we have

Vi f(z) = N(f(z + (e2 — e1) /N) — f(z))
Vo' f(@) = N(f(z + (e1 = e2) /N) = f(2)),

where S; — Ss is arbitrarily labeled as the first reaction, and e; € Z? is the vector of all
zeros except with a one in the 2th location.
Note that if f is globally Lipschitz, then by the definition of v, V& f(z) is uniformly

bounded over k and x. We may now write (2.10) as
AN f(x) Z N\ (2) V7 f(2)-
Defining the vector valued operators

AN k], VYNV, (2.13)
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where we recall that R is the number of reactions, we obtain

AN f(@) = (NTA- V) f(2).
For k € {1,..., R} we define

Cr: = Be + v - a— 7, (2.14)
so that becomes
Vi f(@) = N*(f(z+ G) — f(x).

Forie {1,...,d} and k € {1,..., R}, we define

i, < minfa; : ¢ # 0},

so that O(|¢¥|) = N~™. Note that my, > 0, and by the choice of y we have ¢ —my < 0
for all k. Further, we point out that v is chosen so that ¢, = 0 for at least one k. Finally,
we note that if ||V f]|s is bounded, then V¥ f is in O(N~"*).

To obtain the analog of for the approximate methods we first define the op-

erator BY by

def

B f(z) = (N"A(z) - VY) f ().

If Z& represents the approximation to (2.9) via Euler’s method, then for all ¢t > 0
t
BA(Z () = EA(ZY () + E [ Bl N s
n(t

so long as the expectations exist. If ZI represents the approximation to (2.9)) via the

midpoint method, then for ¢t > 0

t

Ef(Zy (1)) = Ef(Zy(n(t))) +E/ (B zxonien £ (Zai(5))ds,

n(t)
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so long as the expectations exist, where now

1
p(z) =z + §hz NPtV ()Y
k

While we should write pV in the above, we repress the “N” in this case for ease of

notation. Finally, define the operator BY _ by

21,22

(BY . F)(x) (N[ A(2) — A (22)]T - V) f(a),

where for some 6 € (0,1), & and & satisfy (2.7), and for v € R? the ith component of
vt is [v;]T = max{v;,0}. Then, if Zf:fap represents the approximation to (2.9) via the

weak trapezoidal method, then for n(t) <t < n(t) + 6h

B (1) = EF 200D +E [ By 00PN Zplo))
n(t
whereas for n(t) + 0h <t < n(t) + h

t
(2, (0) = EF 20+ 00 B | (B irsom s on ) ).

As in [7], we modify the kinetics A via multiplication by a C*° cutoff function, which
sets the intensities to zero outside of our scaling region of interest. This has the effect
of confining the dynamics to a compact subset of Ly, which we denote by Ly C ]R‘éo.
Supposing the cutoff function were denoted g € C°(R? RE), we should technically
henceforth write g\, with the multiplication defined component-wise, as our intensity
function. The function g is chosen so that gA(z) = A(x) for all z in a region of interest
in the interior of Ly. However, for ease of notation, we refrain from adding the cutoff
function in the notation, and continue to solely write A. Note that |||, is now bounded

for all n > 0 where || ||, is defined in (2.16]). See Section 2.2 of [7] for a further discussion

of the need for such a cutoff function.
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For any function f : R? — R, we denote

1f oo € sup {|f(2)]}.

zeln
We abuse notation this way because the processes X~ and ZV have domain Ly through-

out our analysis.

2.3 Global error from local error

Throughout the section, we will denote the vector valued process whose ith component
satisfies (2.9) by X, and denote an arbitrary approximate process via ZV. Also, we

define the following semigroup operators acting on f € Cy(Ly,R) as follows

Pif(x) ©E, F(XV (1))

Pf(x) € B F(ZV(1)),

where for ease of notation we choose not to incorporate the notation N into either P;
or P,.

We will interpret the difference between the above two operators, for t € [0,7], as
the weak error of the approximate process Z" on the interval [0, 7. For our purposes,
there will be a time discretization associated with ZV, and we will then interpret P, — P,
as the one step local error, as is common in the literature. These concepts are defined

formally below.

Definition 2.7. Let n be an arbitrary non-negative integer, and M be a m dimensional

vector of C(R%,R) valued operators on C(R%,R), with its (th coordinate denoted by M,.
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Then we define

1f115" = sup {|

(1)

For example, if j, k,¢ € {1, ..., R} then

[e.9]

N
(VIVEVE D@ < Iflls
where we recall that V¥ is defined in ([2.13)). Note that, for any M,

1£1l6" = 1fllo = [1lloc- (2.15)

Also note that, by definition, for n > 0

LA < Nl

Definition 2.8. Suppose M : C(R4L,R) — C(RYRE) and Q : C(RYR) — C(RYR)

are operators. Then define

def 1QfIM
QI = sup S=E-
secigzo |1

The purpose of this dissertation can now be stated succinctly. We will derive bounds
for the global weak error of the different approximate processes, which, due to (2.15)),
consists of deriving bounds for ||(P? — Ppp)|IM,,, for an appropriately defined M and
a reasonable choice of m > 0. Theorem below quantifies how the global error
(P — Pup) ||, can be bounded using the one-step local error [P, — Pp||At,,. As is
common, we will denote by O(h) a set of values bounded by a fixed constant multiple

of h. Later, in Section [2.4] we will derive the requisite bounds for the local weak error.
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Theorem 2.9. Let M be a C(RY,RE) valued operator on C(RY,R). Then for any

n,m >0, and h >0

(P = Pan)llmtso = O(n |1 Ph = Pl oA 1Pt })

-----

Proof. Let f € Co(R% R). Note that, since ||g|lo = ||g|[3" for any g,

12 a0l Pe = Pallintso = 1120 llo-soll o = Palltso.

With this in mind

(P = Pon) fllo = || D (PiPhtn—sy = PL Prinji) £,
j=1

< NP Py = Pu)Pain-i fllo

j—l
1
< ZHP] llo—oll P = Pallol P lmsrm 1L [l
7j=1
Since Py is a contraction, i.e. ||Py|lo—o < 1, the result is shown. O

From the proof of the above theorem, the following result is immediate with V¥ in

place of M.

Corollary 2.1. Under the same assumptions of Theorem and with f € C*(R4,R),

1P = Pun) FI5™ = Ol Py = Pally o X (Pt % D-

.....

The following generalization, which allows for variable step sizes, is straightforward.
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Corollary 2.2. For f € CI'(R% R)

1. (£ (Z2)] = Bolf(Xe e = OCn max {[P = Pacl550} , max (1P 1)),

..... n JeensT}

v

N
0, We have a bound on

Thus, once we compute the local one step error ||F, — P ||
the weak error of the algorithm that depends only on the semigroup P; of the original
process. We will delay discussion of ||P,f||¥" for now, as this term is independent of
the numerical approximation method. Instead, in the next section we provide a bound

of || P, — Pp||¥",, for each of the different algorithms.

m—0

2.4 Local errors

Section will present some necessary analytic tools. Sections|2.4.2] [2.4.3] and

will present the local analysis of the Euler, midpoint, and weak trapezoidal tau-leaping,

respectively.

2.4.1 Analytical tools

Definition 2.10. Denote the jth directional derivative of f into the direction [v1, va, ...v;]

by f'[v1,...,v5] and
def /
If1l; = sup{f'[or, ..., v](2), o]l = 1} (2.16)
Proposition 2.11. For d, R > 0, let f € CL(RY, RE). Then, for any k € {1,..., R}
Vi f € O(N*=™ | flli) € O(1).

In particular, N~*N/¥ f is bounded.
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Proof. The result follows from the fact that for any w € R?

[f (@ +w) = f(@)] < Jwll| £

Define, for any multi-subset I of {1, ..., R},

so that,

Proposition 2.12. For d,R > 0, let f € CJ(R% RF). Then,

15 = OULAILy)-

Proof. The case j = 1 follows from Proposition [2.11} Now consider V¥ f(x) for a multi-
set [ of {1,..., R}, with |I| =75 > 2. If my > 0 for all k € I, the statement is clear. If

on the other hand, m; = 0 for some k € I, then for this specific k, we have ¢, < 0 and

IVE fllse < 2NV R fllo = Ol fll-1) = O fII;),

where the second to last equality follows by an inductive hypothesis. O

We make some definitions associated with V. Let g : R — RE. Fori,j € {1,..., R}

[DVg(a)); <

Vi gi(x)
(V)2 lii def VNVN (2.17)
diag(N€) wf diag(N“, ..., N°R).

Also, we define 1; to be the R dimensional vector whose entries are all 1.
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Lemma 2.13. (Product Rule) Let g,q : R? — R be vector valued functions. Then

Vilg-a)(@)=(Vig-a)(@) + (g-Via) (@) + N~ *(Vig- Vi) ().

Also,
V¥(g - q)(x) = [DYg]" q(x) + [DVq)" g(a) + diag(N) " ([D¥g]" x [DVq]")(x)1rf.
Proof. Note that, for any k,

Vi (9 @)(@) =N*(g(x + a(x + ) — g(x)a(x))
= N%(g(x + ¢) — g())a(x) + N*(q(z + ) — q(x))g(x)
+NTEN(g(x + ¢) — q(@)N* (g(z + ¢) — g(=))
= (Vig) a)(2) + (Vg g)(x) + N=*(Vig- Vi q) (),
verifying the first statement. To verify the second, one simply notes that the above

calculation holds for every coordinate, and the result follows after simple bookkeeping.

]

Corollary 2.3. Let A : R? — R be a vector valued function, and f : R — R. Then
VYN VYA (@) = (VIX-VfF+ X VIV f+ N VYN - VIV £
Also,
VY- V) = [DYATVYF + (V)2 [N + diag(NE) "DV X x (VV)H1ef. (2:18)

Proof. Simply put g = X and ¢ = VY f, and recall that V2 is symmetric. m
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2.4.2 FEuler’s method

Throughout subsection [2.4.2) we let Z& be the Euler approximation to X~ computed

via Algorithm [2.1] and for z € Ly let
def N
Ppnf(x) = E.f(Zg (h)),

where h is the step-size taken in the algorithm. Below, we will assume h < N7, which

is a natural stability condition.

Theorem 2.14. Suppose that the step size h satisfies h < N=7. Then
1Pen = PillS 0 = O(N*TH?).
Proof. For Euler’'s method with initial condition z,
Ppf (o) = f(xo) + "By f(wo) + %2(3%)21”(370) +O(NP| fIISh°), (2.19)
where, noting VN \(zg) = 0 and using the product rule in Lemma we have

BY f=N'Xxo) - VVf
(Bo)2f = N"A(xo) - VH (NN (o) - VY f)

= N2 X(w) T [(VV)2 FIA (o). (2.20)
On the other hand, for the exact process ,
2
Pif (o) = f(o) + RAY f (o) + %(AN)2f(xo) + O(N*||F[I5 ), (2.21)

where, again,

AN f=NX-VVF.
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Noting that,
(AY)? f(z) = N*(A- VYN - VYV f()))
= NPX(DVNVY fz) + [(VV)2 FIMz) + NP AT (diag(N~)[DV A x (V)*]1xf)
(2.22)
and defining
a(z) @ NPAT[DVYNTVY f(2)
b(x) = NPAT(VY)? f]A(2)
c(x) € NYNT[diag(N~)[DVx x (VV)?|1nf(2)),
we can write

Pif (o) = (o) + RAY f (o) + - (alao) +b(z0) + elaa)) + ONHFIT 1),

Note that BY f(xzo) = AN f(x0) and b(zo) = (BY )*f(20). We may then compare (2.19)
and

(Pen = Pn)f(w0) = %2((3%)7(%) — (a(wo) + b(x0) + e(z0))) + O(N*[|f[I5 " ?)

- %(—a(:to) — c(0)) + O(N™| f[1" h?).

The term a(z) + c¢(z) = O(N?||f||IY") is clearly non-zero in general, giving the desired

result. O

2.4.3 Approximate midpoint method

Throughout subsection [2.4.3) we let Z}] be the midpoint method approximation to X

computed via Algorithm 2.2 and for = € Ly let

Punf(z) € B f(Z3(R)),
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where h is the step-size taken in the algorithm. As before, we will assume h < N7,

which is a natural stability condition.

Theorem 2.15. Suppose that the step size h satisfies h < N=7. Then
1(Pars = Pu)ll3og = O(NTTR® 4 NZ1mmintmad 2),

Remark 2.16. Theorem predicts that the midpoint method behaves locally like a
third order method and globally like a second order method if h is in a regime satisfying
N7h > N=mdmed - or equivalently if h > N7Y™indmel - This agrees with the result
found in [7] pertaining to the midpoint method, which had v = 0, my = 1, and the

running assumption that h > 1/N.

Proof. (of Theorem Let ¢V denote the matrix with kth column (Y, i.e.
Y] =166 CR
Recall that p is defined via
h
p(z) =z+ §N7 Ek: A (2) NG
After some algebra, we have
B [(2) = N7 (Ao + 2N Y Mz Vi) - 9 f ()
k
= N7A(wo) - VN () + w(xo) + O(N*|| fIT" h?).

where

w(z) " N2 DA o))[C diag(N)A(z) - 9 F ().
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Next, using the product rule (2.18)), we see

(B () = N' Mz + SCdiag(N )N (x0)) - T (VA + ¢ diag(NA(w0)) - V) (2)
= NP Ao + [ diag (NN o)) (92 1A + 5 [V diag(N)M(zo) - 7 ) 2

= g(z0) + O(N?|| I 1),

where

def

g(x0) = N (o) [(V™)f ()] M (o)-

Therefore, since NY\(zg) - VY f(xg) = AN f(x0),

2
Pataf(a0) = F(a0) + 1B o) + 5 (Bl an) + ON 5B

= f(zo) + h (.ANf(xo) + w(xg) + O(N%Hngvaf))
+ % <g(x0) + O(NQVHfHQVNh)) + O(N37||f||3VNh3)'

Recall that

(AY)*f(2) = a(z) + b(x) + c(x),

where

a(xr) = NN [DYATVY £(2),

b(x) = NON[(VY) f]A(@),

c(z) = N X [diag(N=)[DV X x (VN 1gf ()], (2.23)
and

2

Pif(x0) = F(r0) + hAN f(zo) + = (ao) + o) + e(awn) + OV £ 1),
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Noting that b(xg) = g(zo), we see
2

(Pua — P o) = huofo) + - (g(z0) — (o) + (o) + o)) + OV 15 0)

= (o) = alan) — (o) + ONHFIT0).

(2.24)

We will now gain control over the terms (hw(zg) — %Qa(xo)) and "2—20(%), separately.
Handling %20(350) first, we simply note that by the discussion surrounding ([2.14)), we

have that VN )\, € O(N% ™) and so
c(o) = O(N»7mintmad | |77,

Next, we will show that

2
pao(an) — " afg) = O(N =) | 7712,
We have
h2 h2 2 N1.7: c N h2 29\T N1T\oN
hao(an) — = a(ag) = & NHDA(o)[C diag(N)A(za) - V™ (o) — o NIAT[DYNTVY fi()
h2

= 7 (IDA¢Mdiag () = DX ) - 9 ).

(2.25)
By Proposition , VY f(x) is bounded by ||f||Y". Therefore, we just need to show
that the difference between the two square matrices

[DN \(z0)] and [DA(20)][¢N]diag(N€) (2.26)

is O(N~™n{me})  Recalling the definitions in ([2.17)), the (i, j)th entry of the left side of
220) is

N%(Xi(zo + ¢) — Ni(o))
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whereas that of the right side of is
NGV - ¢
Also, note that, for A € C*(R4, R),
(MA@ +v) = A@)) = VA() - v) € O(Jo*[|All2)-

where

IAll2 = sup{[|Alloo, (102 A

|c>o7 ||8I]8xg)\||0072a]7k S d}

Since ||A||2 is bounded for any k, the difference between the (7, j)th entries of the two

expressions in (2.26]) is hence
O(N% N~2mi)

Also, recall that ¢; — m; < 0 by our choice of v, with equality at at least one j. Thus
the above is also

O(N_ min{mk})'
Therefore ([2.25)) is of order
O(NZmmintmd 2| £ 7).

as desired. Combining the above with gives us
|(Ph = Para) fllo = O(NDmntmsd | f[ V7 p2 4 N2vmmintmsd| £ 57502 4 N £ 0°)
= O(Hf”SVN [N*TR? 4 Nz“/_min{mk}hﬂ)’
(2.27)
implying
IPas = Pl = OLNSIAS 4 Nt ),

as desired. O



o6

We can strengthen Theorem [2.15]slightly. Suppose that f explicitly depends only on

a subset of species Sy C S. More precisely, suppose that
So(f)={ie{l,...d} : f(x+ee)# f(x) forsomez ande; € R ecR }.

Next define Ry to be the subset of all reactions that affect any element in Sy; that is,

Ro(f)={ke{l,.,R} : (s #0 for some i€ Sy}.
Therefore,
VNf=0 Vk¢R,. (2.28)
Finally, define
Roo(f) ={ke{l,..,R} : M(x+ () # Me(x), for some ¢ € Ry and some x € Ly}

Thus, by construction, the set Ry, corresponds to those reactions that affect those of

Ry, which in turn affect Sj.

Corollary 2.4. For a given f, define So(f), Ro(f),and Roo(f) as above. Then if h <
N7,

[(Pat = Po)flloo = O (W 4 N2 =mimscroon (sl ) |5

Proof. Returning to the proof of Theorem [2.15 we consider again ([2.24]). First we handle
c(zo) = N*' N [diag(N ) DV X x (VN)?]1rf(z0)].

By [2.28), VNV f(xo) = 0 if either i ¢ Ro(f) or j ¢ Ro(f). Thus, in the matrix

DN x (V)2 the only non-zero entries are those with indices 4,7 € Ro(f). Further, by
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construction
[D¥Nij = VA #0  only if i € Ro(f),7 € Roo(f).
Therefore, after recalling that V;\;(zg) € N¥~™ we have that,
c(xg) € N2/~ minkergo(n) {mit,

By similar arguments,

h? .
hw(zo) — 7(1(950) c O(NQ’Y*mlnkeRoo(f){mk}”leth2)’

and the remainder of the argument proceeds in exactly the same manner as the proof

of Theorem 2.15] O
Definition 2.17. The system (|1.6)) is called a first order system if each Ay is linear.

Noting that it is always possible to solve for the means of first order systems, see

[35], the following is pointed out for completeness.
Corollary 2.5. If XV is the solution of a first order system, and if f is linear, then
I(Prrs = Pu) fllos = O(NPTR).

Proof. 1t is sufficient to show that c(xp) in (2.23) and the right hand side of (2.25))
are both zero. The fact that c¢(z¢) = 0 follows immediately from the linearity of f, as

(VV)2f = 0. Moreover, by the linearity of the intensity functions,
DYX(-) = [DA()][¢Y]diag(N°),

showing the right hand side of (2.25)) is zero. O



58
2.4.4 Weak trapezoidal method

Throughout subsection [2.4.4] we let Z})

irap D€ the approximation to X N computed via

Algorithm [2.3] and for x € Ly let

Pt'rap,hf(x) déf Emf(Zzgv\'fap<h))7

where h is the size of the time discretization. We will again only consider the case
h < N7, which is a natural stability condition.

We make the standing assumption that for all z € Ly and k,j € {1,..., R}, we have
S (x+ () — () >0, (2.29)
where & > & are defined in for some 6 € (0, 1).
Theorem 2.18. Suppose that the step size h satisfies h < N=7. Then
|(Burapn = P30 = O(NH?).

Proof. Consider one step of the method with a step-size of size h and with initial value
xo. Note that the first step of the algorithm produces a value y* that is distributionally

equivalent to one produced by a Markov process with generator Bi¥ given by
B f(x) = N"X(wo) - VY f(2).

Next, given both zy and y*, step 2 produces a value which is distributionally equivalent

to one produced by a Markov process with generator

By f(z) = NV [GA(Y") — &A(zo)]" - VY f(2). (2.30)
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Recall that for the exact process,
N h? N\2 3y vN .3
Prf(xo) = f(xo) + hA™ f(z0) + E(A )" f(zo) + O(N|| fll5 h”).
For the approximate process we have,

Ptrap,hf(xO) = Exo [Exo [f(Zileap(h)”y*H

= B f(57) + (1= 08B BY 1) + S (821 + OV £ ).

(2.31)

We will expand each piece of (2.31]) in turn. Noting that B f(zo) = A" f(x0), the first

term is

E. f(y") = f(x0) + Eqy [ /0 " BN f(ZS)ds}

272

5 (BY)F (o) + ONT FII 1?).

We turn attention to the second term, (1 — 8)hE,,[BY f(y*)], and begin by making the

following definition:
9() € BY f(y") = N EMY") — &Mzo)]T - VY (),
so that g(z) = N ([&A(z) — EA(z0)]* - V) f(x). Because & — & = 1, we have
g(wo) = N'X(zo) - VY f (o) = AV f (o).
By our standing assumption (2.29)

9(xo + G) — g(x0) = N7 (&M @0 + C) — &AM (w0)) - VY f (o + G) — N A(wo) - VY f (o).
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After some algebra

B{VQ(CUO) = N"(A(zo) - VNQ)(IO) = N7 Z N\ (z0)[g(x0 + ) — g(0)]

= &N A(wo) - VN(NTX - f)(w0) — &N Mxo) - VN (A(wo) - ) (o)
= &(BY A" f(20)) — &((BY ) f)(x0)-

Thus,

B [BY F(y")] = Baolg(y")] = g(wo) + 0hBY g(a9) + O(N*|| ][5 1)
= AN f(xo) + Ok [€1(BY AN £)(20) — &(BY)* f(wo)] + O(N®|| IS h?)
= AN f(wo) + OB [61 (AN f (20) — &(BY )2 f (20)] + O(N¥| £]IT” ),
where the last line follows since BY f(xo) = AN f(x0) for any f.
Finally, we turn the the last term in (2.31)). Define

a(y") = (B f(y)

= [GA(Y) = &AM (20)] T - VV([EAY) — &AM (20)] TV (YY),
so that
q(x) = [6A = &M (@) T - VV([&1A = &M (20)] TV f) ().

By our standing assumption ([2.29) we have

Eoo[(BY) f ()] = Euola(y™)]
= q(zo) + O(N™| fIIY" h) (2.32)
= (BM)2f (o) + ON®||f|I¥" R).
Noting that

Q-ops =1 amd  (-ppg =120 F"



61

we may conclude the following from the above calculations

o F(Z2p)] = oo ) + (1 = OE. B 1)) + =08 3217
OIS 0
= Flro) + 604 F(zo) + D0 (B 1 a0)
(1= OB () + (A2 ) = 11— 02+ 021(BY 2 (a0)
L (5292 () + OV 715 )

= Fla0)+ A Flao) + A a) + OIS,

Thus

1(Poraps = Pa) fllo € O(N*|I£1I5 1),

and the proof is complete. n

2.5 Bound on HPtfH,YN

In this section we will provide a bound on ||P,f||¥" for any nonnegative n. We point
out, however, that for any process X~ for which P; is well behaved, in that ||P.||Y, is
bounded without any N dependence, the following results are not needed, and, in fact,
would most likely be a least optimal bound, as the bound grows exponentially in N7¢.
Note that any system satisfying the classical scaling has v = 0.

For t > 0 and x € Ly, We define

def

v(t,z) = Pof(x) = Eu[f (X)),
Theorem 2.19. If ||f||V" < oo, then

N N N
o, )y = 1Pl < IV eNent
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where

Co =2 (IAIT"n B+ R = 1)IATY) (2.33)

We delay the proof of Theorem [2.19| until the following Lemma is shown, the proof
of which is similar to that found in [47], which itself was an extension of the proof of

Lemma 4.3 in [7].

Lemma 2.20. Given a multiset I of {1,--- | R}, there exists a function qr(x) that is a
linear function of terms of the form V5 v(t,z) with |J| < |I|, so that

1]
OVYv(t,x) = NT(\- V) VNv(t, z) + N7 Z(ﬁl - VNVneot, x4+ ) + Ngi(2),

i=1
where B; = V' X. Further, q; consists of at most R(|I| —1) terms of the form VYv(t, x),

each of whose coefficients are bounded above by ||/\|||VI|N
Proof. This goes by induction. For |I| = 0, the statement follows because
O(t,z) = NY(\ - VV)u(t, x). (2.34)

Note that in this case, there are no f; or g terms. It is instructive to perform the /| =1

case. We have

OVNvu(t,z) = Vi dw(t, x)
= VY (NN - VVo(t, x))

= NV (VYN -VV(t,z) + N'X-VEVVo(t,x) + NV (N~ VYN -V VVo(t, z)).
Note that for any ¢ : R —+ R

(VEA-VN)g(x) + (NTFVEN- V)V g(r) = (VEA - VY)g(@ + ). (2.35)
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Therefore, with g(x) = v(¢, x) in the above, we have
AV vt x) = N' (M) - V)V u(t, 2) + N1 (VA (@) - VV)o(t, 2 + G).

Now assume that it holds for a set of size < |I|. Then, using the inductive hypothesis,

Lemma [2.18 and equation ([2.35)) yields

8tVf€VV§Vv(t, x)

= VYo, VYu(t, )
1]

= NVViV |:<)\ : VN)V?/U@, QJ) + Z(ﬁl : VN)VI\&.U@, T+ sz) + qf(x)}

=1
= N7 {()\ VIOV ot z) + (VXN - VIV u(t, o + ck)}

11
+ N7 Z {(ﬁz : VN)V]kVVKeiU(t, x4+ ¢,) + (VY6 - VN)Vﬁv\eiv(t, T+, + Ck)}

i=1

+ NV (x)

1]
= N'(X- V)Vt x) + N7 [(VIA - VIOV ot o+ G) + Z(ﬁi V)V otz + Cgi)}

=1

+ N7 {Vévqj(x) + (VY B; - VN>V§V\&U(75, r+C + Ck)} ,
showing the result. O]

Proof. (of Theorem[2.19)
Let n > 0. Define

f N vN
t p— t p— .
Un( xeLmN%San v(t, )| = [[v],

Each V¥u(t, ) is a continuously differentiable function with respect to t. Therefore,

the maximum above is achieved at some (I*,2*) for all ¢ € [0,¢;] where ¢; > 0. Fixing
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this choice of (I*, x*), we have
Un(t) = VREo(t, x*)

for all t < t;.

Note that

(A - VYVXu(t, 2*)]VNEo(t, 2*) = Z)\k(:ﬂ)(V]kVV?iv( NVR(t, z*)

k

= NN (@) (VREo(t, 2" + ¢) = VEu(t, %)) Vo(t, ) (2.36)
k

<0

e — Y

where the final inequality holds by the specific choice of I* and x*. Also note that for

any ¢; € I* and any choice of z € Ly

R
VIV ot a)] < 30 VeV ot 2)] < RIVYo(t 2. (2.37)

k=1

From Lemma and equations ([2.36) and (| - we have

—8t(VI*v(t )% = (0, VRu(t, ) VNu(t, z*)
1]

= N7 l()\ vV No(t, z* +Z Bi - VNV go(t, 2 4 C,) + qr (o )}Vﬁiv(t,x*)

(2.38)
< N7 {HAHVNU*! R [Vo(t,a*)]* + R(I| = DI Vo, w*)\z},
where we have used the fact that each 3, = VA for ¢; € I*. Setting
Co=2(JAIT"n R+ R = DINIT") (2:39)

we see by an application of Gronwall’s inequality that the conclusion of the theorem

holds for all ¢ < ¢;. That is, for ¢t < t;

Un(t) < || fIIV" eN7Ent,
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To continue, repeat the above argument on the interval [t1,t5), with I*, 2* again chosen

to maximize U, on that interval, and note that
N
Un(tr) < Il €M o,
so that we may conclude that for t; <t < t»,

Un(t) < [ FI[Y &N CntreN7Cnli=te) — | f| ¥ N7,

Continuing on, we see that t; — oo as ¢ — 0o by the boundedness of the time derivatives

of v(t, z), thereby concluding the proof. O
Remark 2.21. In the theorem above, C,, € ||\|Y" .
Combining all of the above results, we have the following theorems.

Theorem 2.22. (Global bound for the Euler method)

For Algorithm suppose that the step size h satisfies h < N=7, and T = nh. Then
1(Pg, = Pan) 30 = O(N> he >N

where Cy € O(| MY is defined in (2.33).

Theorem 2.23. (Global bound for the midpoint tau-leap method)

For Algorithm 2.2, suppose that the step size h satisfies h < N7, and T = nh. Then
(PR s — Pan) 1550 = O(IN*TH? 4 N> -mintmed peCon™T)

where Cs € O(|A||IY") is defined in ([2.33).

The following immediate corollary to the theorem above recovers the result in [7].
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Corollary 2.6. Under the additional condition h > N~Yy~™me} in Theorem (2.23),

the leading order of the error of midpoint tau-leaping is O(h?).

Theorem 2.24. (Global bound for the weak trapezoidal method)

For Algorithm suppose that the step size h satisfies h < N7, and T = nh. Then
|5 = PunlFo = O(REN®MT)

where Cs € O(|A||Y") is defined in ([2.33).

Thus, we see that the weak trapezoidal method detailed in Algorithm is the
only method that boasts a global error of second order in the stepsize h in an honest
sense. That is, it is a second order method for the multiple scalings regardless of the
relation of h with respect to N. This is in contrast to the midpoint tau leaping method,

Algorithm which has second order accuracy only when the step-size h is larger than

N—y-min{m}
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Chapter 3

A connection between two

commonly used couplings

3.1 Introduction

We saw in the introductory chapter that the dynamics of a chemical reaction network
under a Markovian assumption can be modeled with a purely discontinuous stochastic

process X in the form of (|1.8))

X(t) = X(0)+ > Nu(t)G (3.1)

built from the counting processes Nj with intensity functions A\y(X,s), where A :
J[0,00) x Ry — R are non-anticipating. We would like to consider another pro-

cess Z given as
2(t) = 20) + 3. Ne(t) (3.2)

with Ni(t) built from a different set of intensity functions Ay, and assess the ways to
couple X and Z on the same probability space. Coupling is often useful as a means
to reduce the computational complexity of numerical experiments. For an elementary
example, consider an experiment of throwing a dice and a coin. If the objective of the

experiment is only to sample a fixed number of outcomes, we can reduce the number of
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experiments by using a dice alone; if the outcome of the dice is even, we can take the
outcome of the coin to be heads, and if the dice is odd you take the coin to be tails.

For our case, we will be specifically interested in coupling X and Z of and of
(3.2) in order to reduce the variance of X — Z. We can thereby decrease the number
of samples required to estimate its expectation with a desired precision. Rathinam,
Sheppard, and Khammash [60] used a coupling called the common reaction path (CRP)
method to improve upon finite difference schemes for the approximation of parametric
sensitivity.

On the other hand, in the same context of sensitivity analysis, Anderson [4] used
another specific coupling introduced by Kurtz [52] to further reduce the complexity of
finite difference methods. For a reason that will become clear in its construction, we
would like to call this coupling the “split coupling.” Anderson and Higham also applied
the split coupling in the development of a variation of the multi-level Monte Carlo
(MLMC) method [38], which was originally invented for Brownian diffusion processes,
and extended the result to the setting of population processes [§]. Motivation for the
work presented in this chapter is that there is no clear analytical basis of selecting
a coupling, and no studies have been done to analyze relationships amongst different
couplings.

In this chapter, we will introduce different coupling methods and make an analytical
connection between the split coupling and the CRP coupling. In particular, we will
introduce a new coupling called the “local CRP coupling”, and create a sequence of
local CRP couplings that limits to the CRP coupling in one extreme, and converges
weakly to the split coupling under an appropriate topology in another extreme. The

analysis demonstrates that the split coupling maximizes the ability of the two processes
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to re-couple during the course of a simulation.

3.1.1 Motivation (Sensitivity Analysis)

As we analyze stochastic models, we come across many situations in which we must
compare different, but closely related, stochastic processes. For example, when {X,} is
a family of stochastic processes parametrized by 6 on a state space E and if f: EF — R

is a statistic, one might aim to evaluate

Elf(Xown(t))] — E[f(Xo(?))] o, d
3 = @E[f(Xe(t)] (3.3)

as a measurement of the sensitivity of Xy(t) with respect to a parameter 6. More

specifically, in the setting of the previous section, we are interested in the case of

M) =me(0,9), M) = (0 +¢, ),

where for each k, {n.(0,-) : R? — R*} is a parametric family of functions about 6 so

that using the notation from the previous section we have
X =Xgyp, Z= X,

We would then like to empirically evaluate the left hand side of . In order
to achieve the required confidence interval with as small a number of simulations as
possible, it is essential to couple X and Z tightly to control the variance of X — Z,
and therefore of f(X) — f(Z). Anderson, Rawlings, and Srivastava compared different
coupling methods in the context of finite difference method sensitivity analysis, and

concluded that split coupling is the most versatile and efficient coupling as of today [66].
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3.1.2 Motivation (MLMC)

In [38], Mike Giles introduced the multi-level Monte Carlo (MLMC) method to effi-
ciently approximate expected values of smooth functions of diffusion processes. MLMC
is a method which cleverly uses telescopic sums to reduce the overall computational
complexity required to estimate E[f(X)] for a stochastic process X. If {Z,} are ap-
proximation processes of X (Euler tau-leap processes with different time discretization
parameter, for example) for which larger n implies greater computational complexity in

return for less bias, we may write

E[f(X)] = E[f(X) = f(Zn-)|+E[f(Zn1) = f(Zn-2)|+ - -+ E[f(Z1) = [(Zo) |+ E[f (Z0)].

Let us denote X = Z, for now. If the pair (Zj, Zyy1) in each term above are
tightly coupled, then we may put most of the computational burden on E[f(Z;)] and
simulate other costly processes only a small number of times. This will decrease the
overall complexity of the simulation, because the tightly coupled terms will contribute
only a small portion to the overall variance of the estimator. For the details of the
algorithm, refer to [38]. However, if each pair is not coupled tightly, then the cost of the
intermediate terms might outweigh the benefit of the tail terms. Anderson and Higham
[8] incorporated the split coupling to establish what seems to be the “correct” analogue
of the MLMC as in [38] for our systems of interest (1.4)).

A “good coupling,” however, still appears to depend on situations. Indeed, there
are numerous ways to couple X and Z. Even for the elementary example of the dice
and the coin in the introduction, we can couple the coin and the dice differently by
considering the outcome 1 ~ 3 as heads instead of using its parity. Our case is obviously

not so simple. In [4], Anderson also reports a case in which the finite difference method
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performed better with the CRP coupling than with the split coupling. This motivates

our study of the connections among different ways of coupling.

3.2 Different Couplings

Throughout this section, let X be the counting process in ([1.4]) with intensity functions
Ak, and Z the counting process (1.4) with intensity functions M. Let us use ¢ for an

element in RY, where d > 0 is a positive integer.

3.2.1 Split coupling

We will first introduce the split coupling in [53]. Let R and L be cadlag processes on
R?, and define

ri(AMANR,L)(s) = AR, s) — MR, s) A S\(L, s)

ra(A A, R, L)(s) = ML, s) — A(R, s) A XL, s)

rs(AM A R, L)(s) = MR, s) A S\(L, s)

The split coupling of X and Z is given by the solution of

+Z{Ysk (/ (s M X Z,) )
t
+ Yik (/ Tl(Ak,Ak,XmZ Ck
0
+Z{Y3k (/ r3 )\ka)\kvaZ )
t
Vi (/ oy ey Xy Z0)( Ge.
0

(3.4)
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Note that X, and Z, share the same Y3, channel. “0” stands for ordinary, because this
coupling was a good coupling in most of the situations we encountered. In [19], Beth
Wolf cleverly introduces what seems to be the right analogue of the split coupling for

more than three processes. For the coupling of n processes in the form of

{X )+ ka </ A(X, s)ds> Ce } : (3.5)

1=1"

one needs to consider minimums of all 2" subsets of {\;}? ; and consequently we need

(ZQ”) *x R=2"""« R
=1

many Poisson processes all together to construct the coupling in [19].

3.2.2 Common Random Number (CRN) coupling

In CRN coupling, we will construct the processes using the idea of thinning; the idea
which we introduced in the first chapter along with the Gillespie algorithm ([1.2)). Let
us denote

R
Xol(z,8) =) A(x,s) = Z:\ z,s)

and let {U;}32, be a sequence of uniform random variables. Now, if n : RE) x [0,1] — Z¢

M=

k=1

is a function such that

n(cty .., cryu) = G

then v(cy, ....,cgr,U) is a categorical random variable that takes the vector value (j with

Ck

probability . Now, for a common unit rate Poisson process Y, we consider the

'Ll'L

following system:
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The solution to this system exists by construction. In particular, we just construct X
and Z using the Gillespies algorithm with the common set of uniform random variables
U;. We also note that, while the representations are different, the processes X, and X,
are weakly the same, while (X, Z,) and (X,, Z,) are obviously not so. For the details

of the CRN coupling, refer to [66] and [60].

3.2.3 Common Reaction Path (CRP) coupling and local CRP
coupling

In the common reaction path coupling, X and Z are given by the solution of

X.(t) = X(0) + i {Yk (/Ot Ar(Xe, s)ds) }Ck
Z.(t) = X(0) + XI:: {Yk (/Ot \e(Z., s)ds) }gk

where the Y, are independent unit rate Poisson processes. Numerical experiments have
shown that this coupling is not very tight (that is, var(X.(t) — Z.(t)) is large) in many

situations with large value of ¢ [60], [4].
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We postulate that the CRP coupling is not as good because of its inability to fix a

“decoupling” once it occurs. For example, given X, (ty) and Z.(to) for some tq > 0, if

t0~ to
/ Al Zo, 5)ds < / Me(Xo, 5)ds (3.8)
0 0

for all k, then by the strong Markov property the time until the next jump of X is nearly
independent from the time until the next jump of Z. Once the process stumbles into
the situation of A\y(X.(s)) < Ak(Ze(s)), then the probability of escaping the trap (3.8)
in any finite time can be very small, depending on the choice of the intensity functions.
This does not happen to the split coupling, since the next jump time of X and Z are

always correlated via the purely counting processes with the intensity
Me( X, 8) AN Xe(Z) ).

This motivates us to “reset” the Poisson process at each small time interval, so that
we may overcome the problem of X and Z quickly decoupling from each other. We will
elaborate on this strategy. Let m = {0 = sy < s1--+ < sy = T’} be a partition of [0, 7.
Also let {Yi : k=1,...,R,m =0,1,2,... } be a set of independent, unit rate Poisson
processes. Then we define the local CRP coupling over [0, T] with respect to 7 as the

solution of

R e t/\37n+1
XI(t)=Xo+ > Y Yim (/ Ae(XT s)ds> Ce
_ t

NSm

k=1 m=0 ( )
R tASm41
ZE(t) = Xo+ > > Yim (/M Me(ZT, s)ds) Ch
k=1 m=0 Sm

We remark that, irrespective of 7, the marginal distribution of X7 and X are the

same as that of X, and the same goes for Z7, Z7 and Z. Also, when 7 is a trivial
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partition with N = 1, the coupling of (3.9) becomes the CRP coupling of (3.7). In the
next section, we will consider the limit of taking N — oco. By doing so, we will make a

connection between the local CRP coupling and split coupling.

3.3 Limit of the local CRP vs the split coupling

Before we begin this section, we would like to clarify some notation. First, when X and
Z are stochastic processes on (2, F, P), with  being the set of all cadlag processes in

R?, by (X, Z)(s) we mean (X (s), Z(s)), a 2d dimensional vector. Also, when t is a K

dimensional vector of time points, we denote
X(t) =[X(t1), ..., X(tx)]

which is just the time series of X sampled at points ¢4, ..., tx.

We also make the standing assumption throughout the rest of the chapter that the
intensities Ay and \; are continuous function on R%,. That is, Ax(N, s) = A(N(s)) and

Ae(N, s) = (N (s)).

3.3.1 Weak convergence at finite coordinates

We first have to articulate on what we mean by taking N to oo in the context of the
last section. We first introduce the concept of a mesh, which is a definition that appears

frequently in the construction of an integral.
Definition 3.1. Let m = {0 = sy < s1--- < sy =T} be a partition of [0,T]. Then let

AT = Sl — Sm.-
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We define the mesh of ™ as
mesh(m) = max{A,,7}

We want to take the limit of mesh(m) to 0. First, we will show the weak convergence

of X7 to X, over finite coordinates.

Proposition 3.1. Let (X,(t), Z,(t)) be coupled in the way of (3.4)), and suppose that

neither X nor Z explode in [0,T] almost surely. Further, let
Wn:{ozsogslf”'SSN(n):T}

be a sequence of partitions such that mesh(m,) — 0 as n 1 co. Then for any K € Zx

and t € [0, )X, and any bounded Lipshitz f : (RY x RH)E — R,

Ef((XI", 277) ()] = E[f((Xo, Z,)(t))]  asntoo.

Before the proof , we require some additional notation. For a fixed n, let
(yp . i=1,23 k=1,..R m=0,1,2,.} (3.10)
and
{vp:. k=1,.,R m=0,1,2,...} (3.11)

be two sets of independent unit rate Poisson processes. We do not specify the set (3.10))

and the set (3.11) to be mutually independent. In fact, we will couple the two sets.
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Consider the systems

Xo) = X3S {Ym ([ mowd oz 2o
(

m /At

Sm41/t ~
/ rl()‘k7AkaX;rn7Zgn)(S>dS) Ck

(3.12)
e R Sm+4+1/At -
200 = X0+ 303 {Ym ([ vz 22061
m=0 k=1 smAt
Sm4+1 /T _
+}/ér];m (/ Tz()\k,)\k,Xg",Zg")(S)dS) (-
Sm/At
along with
oo R tASm41
X=X Sov ([ o) g
—0 L— tASm
0k AM Wlabellocal CRP (3.13)
00 Smt1
Zi(t) = Xo + Z Zyﬁn (/ )\k(ZZr(S))dS) Ck
m=0 k=1 thsm

Note that the generator of (X,, Z,) is the same as (X, Z7), so (X,, Z,) ~ (X", Z7)
irrespective of n. We will first generate (X7, Z7") up to a fixed time, and couple ({3.10)
to (3.11)) in a particular way based on the outcome. We will then show that the coupling

of (X, Z7) and (X[, Z™) created thus will satisfy

lim P(max |(X7"(t), 23" (1)) — (X7 (6), Z(6)] > ) =0 (3.14)

n—r00 1=0,....K

for any v > 0. We can then appeal to a standard Portmanteau type argument. Let

¢ > 0, and consider any bounded continuous map f : (E x E)® — R with Lipshitz
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constant L. Then
|Ef(Xo, Zo)(t) — Ef((XI™, Z7)(¢)]
= [Ef((Xg", Z5")(t) — Ef((Xg", Z5")(t)
(3.15)
< LE[|(Xg", Z3")(t) — (XT, Z7")(¢)]]

< LKy + L P( mas_|(XF (1), 257 (1) — (X" (1), Z2°(6))] > )

We can choose v < €/2LK. With this v fixed, we may choose n large enough so that

the second piece can be bounded by €/2; and we will achieve the claim.

Let us therefore describe the coupling of (X7, Z7) and(X ", ZT) which will make
(3.14) possible. For each n, let us prepare the following infinite series of Poisson pro-

cesses:
(Y, ymes j =123 k=1,..,R m=01,2 .} (3.16)

We will generate (3.10)) out of (3.11)). We need some notational preparation to proceed.
First, as promised above, we generate (X, Z™) up to time 7. Fix this n. We then

define

de N
T < Pt M X2, Z5) (50) - ()
d Sm+1 - (317)
Tiem éf/ Tt (Aky Ak, X, 257 ) (5)ds

m

i, (| Az s v (| Nz (9)s) (3.15)
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We have omitted n from the definitions above to avoid notational overflow, since we will

create the coupling between (3.11]) and (3.10]) for each fixed n.

Inductively arguing on m, suppose that we have seen (X7, Z7") up to time s,, in
(3.12). At this point, we are yet to generate Yz for any m > m. We will define Y3}, .

as the jump process for which

Yiim(s) = Yiu(s)  for s < g

(3.19)
Yaim(8) = Yarm(Taem) = Yapm * (5) for s> Taim
Next, if A(Xo(5m)) < AM(Xo(sm)), let YT}, be the jump process such that
Yiiem(8) = Yoo (8 + Tawm) — Vi (Tagm)  for s < Tigm
(3.20)

Y (8) = Y (Tikm) = Yiia9(s)  for s> Tigm
and Yy, = Yool If A(X7(sm)) > MX7T™(sp)), then we will interchange the role of

1km with 2km.

Yaug YGUSJ

3km 1km
7?3/@ ﬂk
Yvi‘)km = lekm o
\
km ?
aug
Yv2km R
Y2km ?

Figure 2: A pictorial image of coupling (3.10) to (3.11]) in the case of A(Z,(s,)) <

A(Xo(sm))'
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We would emphasize that 7, are values independent from Y;? . By the Markov
property of Y, . {Y 1} constructed this way is a set of independent Poisson processes.
By generating (X, Z7*) from this {Y}},,}, we establish a coupling between (X, Z7)

and (X7, Z™). We would like to make few observations before we proceed further.

Lemma 3.2. Fizn, and let m € N. If
R

3
D2 Yiwm(Tim V T) = 1 (3.21)

k=1 i=1
then there is a unique j € {1,2,3} and ¢ € {1,..., R} for which

Yv]?m(ﬁfm A 77joﬁm) =1

Note the difference between A and V.

Proof. For each (i, k), let

def t+sm -
Qult) ™ vy, ( / m(Ak,Ak,X;fn,Zm(s)ds)

be a counting process on E. First, implies that Y5, (Tjem V 15,,,) = 1 for some
j and ¢ and Y}, (Tikm V 15,,) = 0 for all (i,k) # (j,¢). This in particular means
that Qje, is the first one among all {Qikn} to jump. This is because, for all (i, k),
Tire(Ney A, X7 Z7™)(s) won’t change from ri,( A, A, X, Z7)(8,) until the first jump

of (X7, Zi). If Qjey marks the first jump at time ¢t = «, Y}, must mark the first

jlm

jump at some ¢y that can be represented as
lo = ij()"m5‘k7X;rnaZgn)(5m)a- (322)

If > A,m,, then by definition Y5, (Tjem V T5;,,) = 0 and that will be a contradiction.

Hence a < A, 7, necessarily and ty < T Also, from the (3.22)), tg < Tjp, trivially. O
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There is another analogue to the lemma above;

Lemma 3.3. If (X[, Z7")(sm) = (X7, ZT")(Sym) and
3
SV ((z m) y T,:m) .
k i=1
then there is an unique ko for which

3
Yegm ((Z mm) A T,som> =1
=1

and Yi,m jumps at some time ty before

(Mo (X 5)) V Mg (22 (500))) Ao

Proof. By the construction, and the assumption,

3
D~ Tiom = (Mo (X2 (5)) V Ao (277 () ) A
i=1
Also, neither Z7* nor X7 changes until the first firing of Y, so the claim follows. [

Based on the last two observations, we would also like to introduce the following

lemma, which will be useful in proving the proposition [3.1]

Lemma 3.4. Suppose that, for a given path of (X7, Z)(w), (X", ZT)(w) coupled in

the way we described above,

R 3 3
Hpn(w) & Z max {Z Yiim (Tikm V L), Y, <(Z ka) 2 Tlfm) } <1 (3.23)
k=1 =1

=1

Then for allm = 0,..., N(n),

(Xo™ Zg" ) (8m, w) = (XTI, Z7") ($m, w)
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Proof. We have

(X;rnv Zgn)(SOv w) = (Xgn> Zgr’L)(SO? w)'

Trivially. We will omit w in the expressions from now on. Inductively arguing, assume

that

(XT", Z7) ($m) = (X, Z77) (Sm)- (3.24)
We will show that
(Xom, Z3" ) (8mt1) = (X, 20" ) (Smet1)

when (3.23)) holds. If H,,,, = 0 for this m, then

(X;rnvzgn>(sm+l) = (Xgn’Zgn)(sm) = (Xg",ZZ”)(sm) = (XZrTL?Zgn)(Sm-i-l)
and there is nothing to do. Therefore we consider the case in which H,,, = 1. More
specifically, suppose that for some ky,

3 3
max {Z }/;’Zom(,];kom V ﬂ%om), Yk’ém ((Z ’ﬁkgm) vV T,fom> } = 1.
i=1

1=1

This means that

3 3
o {z Vi (T v T3, V2 ((z T) y T) } o
i=1 =1

for all k # k¢ by the condition (3.23). WLOG we will also assume

ko (X5 (5m)) > Ak (257 (5m) (3.25)

for this kg, since the case otherwise works just the same. We will separately analyze the

cases of Y;? ((Zf’zl ﬁkom) Vv T¢

kom

) = 1 and Z?Zl Y;Zom(ﬁkom V Tﬁcom) = 1, and show

that

3 3
Ykrém ((Z 7;kom> \ Tl?gm) = Z Y;Zom(ﬁkom V Tﬁ:om) = 1
=1

i=1



83

with (X7, Z7)(Spa1) = (X7, Z7)(Spm1) either way.

First suppose that Y;? ((Zle Tikom) VTE,,) = 1. By lemma and (3.24),

Y (T5 ) = 1 as well. We would like to make assessments about this .

1. Consider the case of ty < Tarm = kg (27" (Sm))Am(,). This in particular means

that to admits the representation

to = My (25 (5))5

for some < A, (7). It follows that

Sm+1 -
v ( / A;m(Z;f")ds) 1

(Xgrna Zgn)(sm-ﬁ-l) = (Xgrn’ Zg”)(sm) + (Ckmcko)‘

and hence

By the coupling, Y3} ,..(T3kem) = 1, s0 S S YR (i V To) = 1 is forced.

By lemma we must have Y3} (T3, ,,) = 1 as well. We achieve
(X;rna Zgn)(8m+1) = (X;rnv Z;rn)(sm) + (Ckkao)‘
2. Consider the case of Tsgym < to < T .. Since Y, (Tzkem) = 0,

/ T R (27 (5))d5 = Mo (23 (522 A () = T (3.26)

necessarily. So

(Xgrn’ Zg”)(sm-H) = (X;rn’ ZZ")(SW) + (Ckoao)
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is guaranteed. Moreover, ¢y admits the representation ty = A, (X " (s,,))a where

Aol (m) =S Sl

Therefore t() S (7§,k0m + ﬂkzom) A Tlgom and

Ykzm<7§kom + ﬂkom) - Ykrém(’]gkom) =L

By the coupling I have Y7} .. (Tikm) = 1.
With the assumption set forth in , S ST YR (T V TS,,) = 1 is forced.

By lemma we must have Y/}

1lkom

(17,

Yeom) = 1 as well. We achieve

(X5 Zo™ ) (Sm+1) = (X5, Z5")(8m) + (Cre» 0).
as desired.

Next, suppose that 337, Yt (Tikom V Tiym) = 1. This means that either one of

{Kzom(ﬁkomvﬂ%om)7i =1,2,3} is 1. We can knock out ¢ = 2 from the candidates, since
(3-28)) implies Yaggm (Targm V Tiym) = 0.

1. Suppose that Y3} . (Tskgm V Tapp) = 1. By lemma 3.2, Y3, (T3, ,,) = 1 and

Y:{;fom(%kom) - 1 SO
(X5, 25 ) (smaa) = (X35 Z57) ($m) + (Cro» Cho )

By the coupling, Y (Tskm) = 1. Yim must have jumped at ¢, admitting the

representation
to = Mo (25" (5m))B < ko (X" (5m)) B

for some 5 < A,,(7,), so

(X 28 ) (Smea) = (XTI ZI) (8m) + (Cro» Cro )
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as well.

2. Suppose that Y7} (Tikgm V Tii,m) = 1. By lemma , Yikom (T Thom) = 1 and

kom

Y’T'L

1kom

(Tikom) = 1. It also follows that Y7} . jumps at ¢y admitting the representa-
tion
to = (Ao (X3 (5m)) = Awo (257 (5m))) B

for some 8 < A,,(7,), and
(Xo™ 25" ) (smr1) = (X3, Z5" ) (8m) + (Cro, 0)-

By the coupling Y, (Tikem + T3kom) — Yiem (T3kom) = 1, 50 Y, (Tskom) = 0. Since
Yt (Takom) = 0, (3.26)) holds again. Also, the coupling dictates Y;?  to make the
first jump at tg + Taggm- Since (to + Targm )/ Mo (Xs,,) < Ap(m,), we are sure that

to < Ty, Altogether, we have

Sm41
[ e <n <y,
and therefore

(X2 ZI) (smar) = (XI5 Z5)(5m) + (Cro, 0)-
[l

It is not so difficult to see that, when A\, and S\k are uniformly bounded for all k,
we can make the condition in lemma [3.4 happen with probability greater than 1 — € for
any € by setting mesh(m,) small enough. We do not have such an uniform bound on
A. Also, we have to note that we don’t necessarily have (X7, Z7)(t) = (X, Z)(t)

for all t € [s,,, Smy1] even if the condition for the lemma holds. If t € [sm, Sm1),
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however, we can have (X™ Z™)(t) = (X, Z™)(t) with an additional condition; that

neither (X7, Z7*) nor (X7, ZT*) jump at all in [s,,, S;mq1] containing ¢ . Put K to be
Ki={m € {0,...N(n) — 1} ; {t;}12) N [Sm, Sms1) # 0},

and let us return to the proof of the proposition |3.1

Proof. (of [3.1)) As we remarked earlier, it suffices to show (3.14)). Let ¢ > 0. We will

show that, for large enough n,

P( max |(X7"(t:), 25" (1)) — (X" (), 27" (1) > 0) <e.

1=0,...,K |

We will resort to a variation of localization argument and take advantage of the fact
that X and Z are both nonexplosive. Let M > 0, and let H,,, be as defined in lemma

3.4l We will define the event on which [3.4] holds. Define

An(t) ={w: Hypp(w) <1if m & K and H,,,(w) =0 if m € KJ'}. (3.27)

B ={w : max{sup A\ (X" (s)), sup \p(Z"(s)),
=t =T (3.28)
sup Ap(Z;"(s)), sup Ap(X7"(s)} < M}
s<T s<T
I would like to remind ourselves that the number of fires in each path is finite, and hence
that sup is achieved everywhere it appears above. As we saw, A,(t) C {(X[™, Z™)(t) =

(X7, ZT)(t)}. Therefore
P((XZ", Z7")(t) # (XI', ZI")(£)) < P(A[ ()

(3.29)
= P(AS(t) N Barn) + P(Aa(t) N BS,,)
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For the second piece above, we note that

Bi C {sup Au(X77(5)) > M} U {sup A (257 (s)) > MU
s<T s<T

) (3.30)
{sup A (X7 (s)) > M} U {sup (27" (s)) > M}

s<T

Now, recall that the marginal distribution of X" and X are the same as the marginal
distribution of X, and that the same goes for Z7 and Z" compared with Z. Therefore,

for all n we have

P(B,,) < 2+ | P(sup{A(X,)} > M) + P(sup{An(Z,)} > M)| . (3.31)

s<T s<T
By the monotone convergence theorem and the fact that the processes are all non ex-
plosive, the RHS of (3.31)) will tend to 0 as M — oo. Therefore we can take M large

enough so that the second piece of (3.29)) is smaller than €/2. Let us fix this M, and

look at the first piece.

Let us consider the localized version of H. In particular, let

H,,\(w) = imax {23: Yikm (M Ay (), Y, (3MAm(7Tn))}
k=1 i=1
Then it is clear that, for any ¢ > 0,
({Hmn > a} N Buw) € ({HY, > q} N Buw) C {HY, > ¢}
Therefore we can say
P(AS(6) 1 Bagy,)
< P(H%n > 1 for some m ¢ K OR H%n > 0 for some m € K{}) (3.32)

< Y PHY, >0+ ) PHY, >0

mgK{ mekKy
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Also, for any p > 0,

P(Poi(p) > 1) =1 — exp(—p)(1 + p)

<1-(1-p)(1+p) (3.33)

and
P(Poi(p) > 0) =1—exp(—p) <p (3.34)
We note that
PH{HY, > q}) < P(Poi(6RM A, (7)) > q)
Now , if mesh(m,) = 6,, then P(AS(t) N Byy) is at most

P(AS(t) N By) < ) (6RMA,(ma))* + Y (6RM A (7))

mgKy meKy

< (6RM)*5, » WM(%HGRM\KWH (3.35)

mgKy

< (6RM)?6,, T + 6RM| K5,
In the third inequality, I used the fact that % < 1, by the definition of mesh. We
can take n large enough so that (3.35) is less than €/2. For such n,

P(Xg, Zgm)(6) # (X", ZI7)(t) <€,
as required. O

It is to be hoped that the proposition implies the weak convergence of (X, Z™)
to (X,, Z,) in Skorohod’s sense. However, in order to achieve the result we require

{(XI, Z™} to be precompact in Skorohod topology. The following is a result available

in [32].
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Theorem 3.5. Suppose that {X,} is a series of processes with in the Skorohod space
of all cadlag functionsDg|0,00). Then the law of {X,} is precompact if and only if the

following two conditions hold:

1. For each n,t there is a compact set I'etqr on E such that

inf P(X,(t) € T,yy) <7

2. For eachm >0 and T > 0 there exists 6 > 0 such that
sup P(w'(X,,0,T) >n) <n

where

w'(X,6,T) “Vinf  max | X (a) — X (b)]

™ CL,bE [ti ,ti_l}

with m ranging over all partition of [0,T] with t; —t;—; > 4.

Unfortunately the conditions in the theorem do not hold in general for our
{(XI, Z™)}. Consider, for example, the following simple linear growth system
0—A (1)
and the corresponding (X,, Z,), (X7, Z™) with
M) =0z, M) =0+ez
and the initial condition

X,(0) = Z,(0) = X" (0) = 2" (0) > 0.

Then for any 8 > 0 there is a finite probability a > 0 that in the interval [0, 5], X,

and Z, makes the “first jump” simultaneously. By the argument we made in the proof
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above, for any € > 0 and ¢ > 0 there exists some M such that if n > M , then for
probability greater then o — €, both X" and Z7" make the first jumps in this interval
at times 7, and 7, respectively with 0 < 7, — 7. < 0. Note that 7, — 7. = 0 happens

with probability 0 in our situation. This in particular means that for any o,
sup P(w' (X[, ZT"), 0,t0) > 1) > «
n

And {(X7, ZT")} fails to have precompact laws.

3.3.2 Weak convergence in product Skorohod topology

We can achieve the convergence of (X, Z™) in a weaker topology. In this subsection,

we would like to prove the following.

Proposition 3.6. Let X and Z be non explosive jump processes in a Skorohod space

of cad lag functions Dgal0,00) as given in (L.4) with intensities \p(x,s) = Ag(2(s)),

Me(z, ) = Me(2(5)), respectively. Consider then the product topology on
D := Dgal0,00) X Dgal0,00).

Also, let m, = {s}} be a sequence of partitions of [0,00) such that

mesh(r") = r]riég((s? — s ) —0.

Then for all f : D — R that are bounded and continuous,

E[f(XI", 2] = Elf(Xo, Z,)]-
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I would note that the function f is allowed to be a path dependent statistic. We
need some preparations. The following is another critical result in [32] regarding the

Skorohod topology.

Theorem 3.7. For each t > 0 and polish space E, define m; : Dg[0,00) — E by

mi(x) = x(t). Then the Borel o-algebra W of Dgl0,00) is given by
W =o(m,t € D).
where D is any dense subset of [0, 00).
Using the result above, we can obtain the generators for D.
Corollary 3.1. The Borel o-algebra of D is given by
o(m X ms, 8,t € D).
where (m; X ms)(z, 2) = (x(t), 2(s)).
Next, I would like to make a corollary to the proposition [3.1]
Corollary 3.2. Let s = {sg < s1 < Sa <+ < Sy}, t ={to <ty <ty <-+- <tpm,} and
fi RTSR i=0,..,m gj:Rd—>R 7=0,...,ms

be bounded and continuous functions on R?, and assume the conditions set forth in the

proposition [3.1. Then

E Hfi«xzn(si))_ng<22"<tj>>> —E

H fi(Xo(s:)) H 9i(Zo(t5)))
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Proof. A standard Portmanteau argument works. Recall again that

E =F

H fi((Xo™(s4)) ng(ZZf"(tj)))

Hfi((XO(Si))ng(ZO(tj)))] -
i=0 Jj=0
Let max{g, f} < M. On the coupled space,

E

[Tz [Tz @) - T s Loz <tj>>>]

<2M™TP( max  [(X(7), Z57(7)) — (XI(7), 27 (7))] # 0)

Te{sidu{t;}

— 0.

(3.36)

We now put everything together in order to prove (3.6

Proof. We would like to show that (X", Z™) satisfies the conditions in theorem
with respect to the space D. To show that (X, Z™) is precompact, we need to show

that, for any € > 0, there exists a compact set C° such that
inf P((X,,ZI") € C°) > 1 —e.

Marginally, X ~ X7 and Z ~ Z™. If P(X € A°) >1—¢/2 and P(Z € B°) > 1—¢/2
for compact A€, B¢ C D[0, 00), then P((X,Z) € A x B) > 1 — e with A° x B compact
in the product topology. Therefore it suffices to show that X and Z both separately
satisfy the conditions in theorem [3.5] Since X is a nonexplosive pure jump process, it

clearly passes the first condition. Also, recall that X is constructed with R channels of
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Poisson processes. Hence for any 7" > 0 and M > 0,

Pw'(X,6,T)>0) < P(w'(X,6,T)>0: sup M(X(p)) < M)

k=1,..,R,p<T

+P( sup M(X(p) > M) (3.37)

k=1,..,R,p<T

=Pw' (Y(MR-),5,T)>0)+P( sup X(X(p)) > M)

k=1,..,R,p<T

where Y (M R-) is a rate M R poisson process. Since X is non explosive, we may take M
large enough to control the second piece, and for this M we can choose ¢ small enough
to control the first piece. That is, lims_,o P(w'(X,9,T) > 0) = 0. This tells us that X
also passes the second condition. The same procedure works for Z. Now we know that
{(X7, ZT)} is precompact in the product topology. Together with Corollary , we

are done since

E ; {si {ti) € 10,00), fis gi € C(RY (3.38)

H fi(Xo(s1)) H 9i(Zo(15))

characterizes the law of (X,, Z,). To see how (3.38)) characterizes the law of (X,, Z,),

suppose that for some other process (X*, Z*),

E =F

H fi(Xo(s1)) H 9i(Zo(15))

H fi(X5(s:)) H 95(Z5(t5))

v {si} {t;} € [0,00), fi, 9: € C(RY).

Note that we can approximate the indicator functions of open sets {4;}, {B;} of R?
n

with increasing sequence of functions f]*, g7, respectively. By the monotone convergence

theorem, we have

b H 14, (Xo(s1)) H g, (Zo(t;)) | = E H 14, (X5 (s4)) H 1, (Z5(t5))

for any open sets {4;}, {B;} in R?. Now we apply a version of monotone class theorem:
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Theorem 3.8. Let H be a linear space of bounded functions on 2 that contains con-
stants, and let L be a collection of subsets of ) such that if A,B € L then ANB € L,
Suppose xa € H for any A € L. Also suppose that {f,} C H, fi < fo < -+ and
sup,, fn < ¢ for some constant ¢ imply that f = bplim,,_,o f, € H E| Then H contains

all bounded o (L) measurable functions.

For us, we put H to be the set of all Borel measurable functions f : Dg[0,00) X

Dg[0,00) — R for which
E[f(X,2)] = E[f(X", Z7)]. (3.39)
Next,
£ = {Any finite intersections of (m; x 7)1 (A);t € [0,00), A € B(R? x R%)}

The corollary shows that yy C H for any U € L£. Moreover, the last condition
on H is guaranteed by the monotone convergence theorem. This shows that any o(L)
measurable function is in H. By the corollary , this implies that (3.39) holds for any

function f that is borel measurable on Dg[0, 00) x Dg0, o). O

There is still much work to be done in the development of new couplings and the
relationship among existing couplings. While the split coupling performs well in many
situations, there has never been any result on what particular statistics it optimizes.
This study, however, revealed at least one source of the advantage of the split coupling.
Recall that the local CRP (3.9) was created in the hope of “resetting” the Poisson

channels at very small intervals to prevent a fast decoupling. This study shows that the

Y This stands for bounded pointwise convergence, which means sup,, || fullco < 00 and lim, s fn(z)

f(z) for each x € Q.
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split coupling is, in essence, continuously “resetting” the rate of each Poisson channels.
Also, the performance of the couplings have been tested only for the MLMC and for

the sensitivity analysis. While the split coupling does well in reducing the variance of

9 X, 2)=X - Z,

it might not do so well for other functions of g. For future work, we shall investigate and
explore more systematic ways construct the couplings to reduce the variance for many

different types of g.
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Chapter 4

Law of large numbers limit of a
discrete stochastic system with

random delay time

4.1 Introduction

One of the most familiar biological process that involves delay is transcription. We can

simplify the whole process and write this reaction as
D — D+ M,

where D and M represent DNA and mRNA, respectively. Let Xy,(¢) and Xp(t) be the
population of the mRNA molecules and that of the DNA molecules in the system at
time t, respectively. If we model the process with a continuous time Markov chain as

done in the introduction (1.6 under mass action kinetics (1.7]), we would obtain

Xar(t) = Xar(0) +Y ( /0 t XD(s)ds> (4.1)

with Y being an unit rate Poisson process. We claim that there is a technical fallacy in
this choice of the model. The model above is biologically unrealistic in that it implies that

each transcription is processed instantly, while the real transcription process requires
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nontrivial time for its completion. In [20], Schwanhausser reports that the speed of
transcription can be as slow as two mRNA molecules per hour. More particularly,
Xup(t) in is an overestimate of the actual number of mRNA molecules present
in the system at time ¢. Instead, the real meaning of X, in (4.1) is the number of
the transcription processes that have initiated before time ¢. We are therefore in the
position to consider the concept of “Delay.” Further, when we make the problem slightly
more realistic and include 7', the transcriptase, into the process, we have to consider the
possible failure of the transcription by the premature detachment of the transcriptase
from the DNA molecule. Such an instance is mentioned, for example, by Ribeiro [64].

We can write this system as

D+T — D (4.2)
D*—=M+D+T (4.3)
D*—=D+T (4.4)

where D* is a DNA-transcriptase complex. Aside from the example we presented above,
modeling dynamical systems with delay has a wide range of applications. In epidemiol-
ogy the transmission of the disease can be delayed by incubation period, and in ecology
the population growth is modulated by gestation period.

Before we proceed further, we would like to simplify the problem and articulate more
about the modeling of a delay itself. In the previous example, the fact that the products
of affect the rate of the delayed reaction complicates the problem, as the

entire system ceases to be Markovian once we allow the delayed reaction to feed into
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itself. For example, consider the reaction

A — B. (4.5)

There are two intuitive ways to include “Delay” into (4.5). Upon the initiation of the
reaction, we may choose A to be immediately consumed, and B to emerge after some

holding time 7. That is, if t* is the time of the reaction (4.5]), then
Xa(t") = Xp(t"—) =1, Xp(t'—) = Xp(t").

This modeling choice is often termed immediate consumption. We may also choose A
to remain in the system for some holding time 7, and B to emerge instantly afterward.
That is, X (t*—) = X (¢*). This modeling choice is termed delayed consumption. Barbuti
et al [63] argue explicitly that immediate consumption of reactants is not appropriate for
some biological systems. They describe the system of cell mitosis, in which the model can
overestimate the final cell numbers if it allows the premitotic phase to initiate without
any chance of cancellation. In this chapter, we will consider a delayed consumption
which is subject to a cancellation with a fixed certain probability. We will set up the
problem on the single molecule level using the random time change representation in

(1.6), and demonstrate a technique in taking its law of large numbers limit ODE.

4.2 Kurtz’s classical scaling and Law of Large Num-
bers

There have been multiple efforts made in analyzing systems with delay. Barbuti et al.

[63] created a simulation algorithm for a system with delayed consumption. Schlict [65]
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computed the expectation of the output quantity from a continuous time production that
has a generally distributed delay time. In [36] and [37] , Garcia and Kurtz developed a
scheme based on the theory of Poisson random measure that allowed the computation of
the law of large numbers (LLN) limit of the M /G queueing process and the S.I.R model.
While the LLN limit of the M /G model is not explicitly stated in neither [36] nor [37],
it is easy to extend their techniques to the case of M/G. In this chapter, we will show a
different computation of the LLN for an analogue of M /G model in the setting of CRN.

The following theorem from Kurtz [52] will be the key to our work:

Theorem 4.1. Let (, € R% k= 1,..., R, and let \, : R®* — R* be a continuous function.
If Y, are independent unit rate Poisson process, then let XV and x respectively be the

solutions of the systems

XN (t) = z(0) + %Yk (/Ot N)\k(XN(s))ds) Cr.

and
x(t) = z(0) + Z (/0 )\k(a:(s))ds) Ch-
If .
FO) =) M) -G

s Lipshitz, then for any fized t,

lim sup |[Xn(s) —z(s)| =0  almost surely.
N—o0 s<t

The theorem (4.1)) provides us with the LLN limit for the Continuous Time Markov

Chain models of the population dynamics of chemical reaction networks under “the
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classical scaling”. Under the classical scaling, all the species exists in same scale N, and
the reaction rates scales linearly in N. We would like to use this machinery to compute
the LLN limit for the specific type of systems with interruptible delay.

As a starting example, let us consider the following standard, non delayed kinetic

networks

AL B (1)
03 A (2)
A (3)

As usual, let us first model the system as ((1.6). The populations of species A and B at

time t are given by the solutions of the system
t t
Xa(t) = Xa(0)—Y; (/ rlXA(s)ds> + Y5 (rot) — Y3 (/ rgXA(S)ds) (4.6)
0 0
t t
Xp(t) = Xp(0)+ Y, </ rlXA(s)ds) -Y, (/ rlXA(s)ds) . (4.7)
0 0

where Y. are independent unit Poisson process. We would like to introduce a delay into
the reaction . In particular, we will require each incidence of to spend a fixed
duration of length 7 before its completion. This means that does not consume the
species A immediately, and that can be interrupted by before producing the
species B. In other words, the reaction is subject to premature termination. Thus,
at all time ¢ , the population of A can be decomposed into two groups; (I) the ones who
have initiated the reaction (1], and (II) the ones who have not. We will distinguish the
ones belonging to (I) by identifying them as the intermediate species A*, and calling the

rest by A. We can therefore say that there is an auxiliary reaction

A A
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occurring at rate r X 4, in which A is immediately consumed. A* then transforms to B
with a fixed holding time of length 7. In terms of chemistry, A* can be considered as

activated complex. Let us denote this non-Markovian reaction by

A* — B,

T

and rewrite the system with new labels.

AL 4 (1a)
A= B (10)

03 A (2)
A (3)
A5 (3)

The population dynamics of A is strictly Markovian. More concretely, X 4 is a solution

of

Xalt) = %40 -, | t MXa(s)ds ) 4 Va2t Ya (ra | t Xalds). (@

where Y. are independent unit Poisson processes. X 4« and Xp, on the other hand, are

non-Markovian and require more care. First let

Rolt) = Y, ( / t mXA<s>ds) ,

be the counting process giving the total number of times the reaction has occurred
by time ¢. This process counts the total number of A* particles that have entered the

system by time ¢t. Ry(t) contains both X 4«(¢), the number of A* particles that are
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currently in the system, and those that already have exited the system. We will further
decompose X 4+ into two groups; (I) those that will complete the reaction before
the interruption by , and (II) those that will fail to do so. In the model above, each
particle of A* is given a lifetime of length 7, a positive random variable with distribution
expo(ry). We will denote the first group and the second group respectively by A} and Aj.

Let us also denote the lifetime of the ith particle of A} by 7;. Therefore those belonging

RHIRE

Lifetime T

n
Delayed Product | B | 0

to the first group are the ones with 7; > 7 or equivalently the ones that live long enough
to complete . Based on the logic we built so far, we can say that Xg(t) is equal to
the number of A* that have entered the system before ¢ — 7 and satisfies n > 7. Also,
the A* particles in the system at time ¢ are those that are yet to be removed from the
system via nor (1f). If 7; is a ith jump time of Ry(t), then

Ro(t)

Xal)= 3 =Ty <m)= [ 10t=s) <mmeo)dRals

iZRo(th)+1
On the other hand, a particle of A* that has entered the system after ¢t — 7 does not

contribute to Xp(t), since it requires the duration of length 7 to produce B. Hence

Ro(t—T)

Xp(t) = Z (1 <m) = /0 771(7 < Ny(s—y)dRo(5)

=1

We would like to know the limit of X 4«(¢) and Xp(¢) in the scaling of (4.1)) above.
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To be more precise, if
1 t t
X)) = x5 (0) - N{Ya (N/ nX}X(s)ds) + Y3 (Nrst) — Y, (Nr4/ XA(s)ds) }
0 0

rw-v. (| NN ()s).
(4.9)

then we can define X5 and X%, analogously as

1 RY (¥ 1 RY (t—7)
X0(t) = N Z WEt—T) <m), Xp(t)= N (T <)
i=RY (t—7)+1 =1

What will happen to X5 and X4, as N — co? As promised, we will use theorem

(4.1) to answer this question.

4.3 A system with general delay time

We would like to further generalize our problem.

Proposition 4.2. Consider a CRN with species {C;}3_, for which its scaled population

dynamics is given by XN (-). Suppose that there is, in addition, a non Markovian reaction
A= B (8)
which satisfy the following properties:

1. A* is produced by the counting process
t
RY(t) =Y (/ N/\B(XN(s))ds) :
0

2. The reaction is subject to a premature cancellation with probability (1 — p).
Conditional on the cancellation, the A* particle remains in the system for the

duration o, a positive random variable with cumulative law F;.
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3. Conditional on the successful completion of , the A* particle remains in the

system for the duration T ~ F}.

Let & be the Bernnouli random variable that is 1 if the ith A* succeeds in producing B,

so that

T=E6m+(1-8m

is the lifetime of any A* particle. Let 7;; be the jth realization of 1;. Consider the

solutions of
1 t
XX = 5 | 1= s < g )RS ()
N 1 ! N
XE0) = 5 | €nye1lt =5 > mmg(o JARYG).

If v : R" — R® is the solution of the corresponding ODE system for which

lim sup |XZ (s) — ¢, (s)| =0, i=1,...,5

N—oo s<T

almost surely, then

lim sup | X5 (s) — zp(s)| =0, lim sup | X4 (s) — 4-(s)| almost surely
N—o0 s<T N—oo s<T
where
¢
xp(t) = / Ag(x(s))pFi(t — s)ds (4.10)
0
and

za(t) = /0 As(x(s)) {p(1 — Fi(t — s)) + (1 = p)(1 — Fa(t — 5))} ds. (4.11)
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Figure 3:  Pictorial image of proposition (4.2). A* — B with delaytime 71 happens with probability p, and A* — ()
with delaytime 72 happens with probability 1 — p. It is equivalent to M/G queue with two servers with respective holding

times 71 and 72, in which the customers choose the first server by a fixed probability p.

Remark 4.3. For an A* particle that entered the system at time s, t—s < 7 implies that
the particle is still in the system at time t. Also, if E1(t — s > 1) = 1, then this means
that the corresponding A* particle has already produced B and has exited the system by

time t.

Remark 4.4. Note that the case of (4.5)) we described in the beginning of this section

1s a special case of the proposition above with T fixed,

& ~ Ber(p), p=exp(—rom)

and

Fi(z) = 1pon

4.12)
1 —exp(—rex (
FQ(:E) = p( 2 )]'CC<T1 + 1:1:271-
L=p
Under the condition (4.12)),
pFl(t - 3) =pli—s)>n
(4.13)

= plsgt—n
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and

P(=Fi(t = s)loct+ (1= p)(1 = Folt = 9))Locs
= plt—s<7’1,s<t ‘l’ (1 - p) (1 — <1 _ eXp1<__T;(t B S))

exp(—ra(t —s)) —p
= (p + (1 - p) ( i(_ D )) ) 1t—5<7'1,s<t

1t—s<‘r1 + 1t—s>7'1> 1s<t>
(4.14)

= eXp(—T2(t - S))1t77—1<s<t-
So

t—11
TR :/ rza(s)exp(—rom) ds
0

t
T A —/ rza(s)exp(—ra(t — s))ds.
t—11

Remark 4.5. It is worthwhile to note that when p = 1 and F(t) is absolutely continuous
with respect to t, the limit in proposition is the same (via Leibnitz’ rule) as the

approzimation of E[Xp(t)] that Schlicht suggests:

d

prRi) g/0 As(xp(t — 5))Fi(ds)

which in fact is an equality when X is linear [65]. Schlict also considers a case in which
multiple complezes create B with different delay time. We can in fact easily adopt our
result to the same situation by modifying the proof slightly. We will omit the modified

result, however, to avoid notational overflow.

As for the strategy of the proof of proposition 4.2 we will use the framework of
“thinning” introduced in the introduction. Let us prelude the proof with a lemma

concerning this concept.
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Lemma 4.6. Let M; : i € ZT be a sequence of #id random variables with bounded
moments. Also, let RY be a positive, nonexplosive pure jump process with the following

properties:
1. RY(s) — R (s—) € {1,0} for all s.

2. For every T, there exists a continuous, non decreasing deterministic process x(-) >

0 such that

lim sup
N—oo g<

almost surely.
3. For each s, limy_,o, RY (s) = cc.

Then for any T < oo,

1 t t
sup —/ MRN(S_)dRéV(S)—/ E[Mldz(s)| — 0. (4.15)
i<t | N Jo ’ 0
almost surely.
Proof. First, I will show that
1 t N t
‘N /0 My oy AR (5) /0 E[M]dz(s)| — 0
for a fixed t. To see this, just simply note that
1 t 1 Ry (t—)
N
N/O MRéV(s—)dRO (S) = N 22:; Mz (416)
Ry (t-)
RY(t—) 1 S
= M; 4.17
NORE) & (4.17)
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By the continuity of x and the law of large numbers, the above expression clearly con-
verges to E[M]x(t).
We want to extend the argument above to the original claim in the proposition {.3]

For simplicity, put

€ 1 t € t
RO 5 [ MagraRY0). @) [ EMa(s)as

0

Let 0 =ty <t; < --- <tm, =T be a partition of [0, T] for which

max — sup |Qu(s) — Qu(u)] <€/3

i=0,m=L s uelty tiga]

We know that there exists V,(-) which is finite almost surely such that if N > N,, then

Fix this N, and w € € for which N, (w) < co. If s € [t;, t;11], then since Q¥ is increasing,
Qu(t:) — €/3 < QN (i) < QN(s) < QN (tir1) < Qultiv1) +¢/3
And trivially Q.(s) € (Qz(t:) — €/3, Qu(ti+1) + €/3) as well. Since
(Qu(tiv1) +€/3) — Qulti) — €/3 <,

QR (s) — Qu(s)] < e.
Since s is arbitrary,
sup [Qf (s) — Qu(s)] < e
t<T

as desired. O

With the lemma above at our disposal, we would like to prove the result in proposition

4.2l
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Proof. of Prop

Let {&;;1 € Z>o} be a sequence of Bernoulli random variables with parameter p, and
let {Ui;;t1 € Z>o,j = 1,2} be a sequence of uniform random variables over the interval
[0,1] such that F;'(U;;) = 7. We would like to split X1, as follows. Let A} be a
category of A* particle that successfully complete the reaction , and the ’species’ A}

be the category that exits the system before the completion of . Then

RN = [ Gpodfd ORNO = [t )dB)  (419)
0 0

are counting processes that count the production of A} and A}, respectively. We can

therefore write

RY = R + RY,

and define
def 1 t _
X3 ()= ¥/ 1t — 5 > Fy H(Ugp(s-y,1))dRo1 (5) (4.19)
def 1 [1 _
X0 (t) = ¥/ 1t — 5 > Fy (Upy(s-),2)) AR5 () (4.20)

This way we can also simplify X% as

Ry (t
Xy = (};()—X/fg(t) (4.21)

Since we know the limit of the first term of (4.21)), it suffices to obtain the limit of

(4.19) and (4.20). By themselves, further analysis is yet difficult. We will approach

the problem by approximating (4.19)) and (4.20). We will approximate (4.19)) first. The

approximation of (4.20)) works in the exactly same way. Let

T={0=py<p1 <ps<---<p,=1}
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be a partition of [0,1]. Put Ap; = p; — pi_1,

Figure 4: A Pictorial image of the setup in the in proof. Vertical axis measures the U (uniform random variable
g

value, and the horizontal axis measures the ¢ (time) value. Lifetime of a particle born in the shaded region is v €

[F~Y(pr), F~(pr11)]- A particle with (U,t) = (s,q) enters the system at time s, and will stay in the system for a

duration of FF~1(gq). Particles above the curve are in the system by time T, and particles below are not.

We would like to note that

v U(w) € [pi—1,pi) c U(w) € [pi—1,pi) (4.92)
t—s < F7Y(U(w)) s>t—F(p)

v U(w) € [pi-1,pi) c U(w) € [pi-1,pi) (4.23)
s>t—F Y pis1) t—s < FyY(U(w))

Based on (4.22)) and (4.23)), we can claim that

XN, (t / B L(Upy ()1 € [Pim1,pi))dRG; (5)
(Pi))A0
(4.24)

X%lowwzﬁz Lo U € bR
; A
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are respectively upper and lower bound for X i}% (t). Then by lemma and theorem
A

lim sup|XA* ( ) — IATup(s)| =0 lim SUP|XA*10w( ) — $A{low(3)| =0

N—oo s<t N—oo s<t

where

T Azup(t Z/t . p)\g(x(s))Api ds

T A tow (t Z/t — p)\g(:c(s))Api ds

11—

(4.25)

We will rearrange these integrals. Let [}~ (1) = 7", After tedious reindexing,

THOEDY ( /( PAs(a(s))Ap; ds>

t—F (i) A0

(t—F; " (pe—1))A0

->/ PA3((5))(p — pe11)ds

=1 7 (t=F " (p)A0 (4.26)
t
> / phs(a(s)p(L — Fy(t — s))p ds
(t—77=)AO

_ /Otp)\g(x(s))(l — FRy(t - 5))ds
The last equality is from that Fi(s) = 1 for s > 7{"**. The inequality comes from the
fact that when
€ [(t = Fy(pe)) N O, (t = Fy (1)) A O]
then

l—pia>1—-Fi(t—s)>1—p,.

(4.27)

Likewise,

n

45 1 ( / YR pAﬂ(w(S))Apids> (4.28)

1=



112

and
n=l a(t—F  (pe—1))AO
- (/ As((s))p(1 — pe)ds
—1 J (t—F " (pe))A0
t
</ As(2())p(1 = Fi(t — 5))ds
(t=F;  (pn-1))AO (4.29)
t
<[ Mlale)p(i - Fift - s))ds
(t—raw) A0
t
=/mw@muww—m@
0
Note that

n- (t=Fy ' (pe—1))N0
DORUEENUED DY P (o)) pads

—1 7 (t=F H(pe))A0

(t_Ffl(pn—l))AO
+[ PAs(2(5))(1 — po_y)ds
t

—F{ ' (pn))AO

n (t—F7 (pe—1))A0
=Z/ PAs(a(s)) Apeds
= Ja-F pono (4.30)

< mesh(m) /t_ - pAg(x(s))ds
Smesh(w)/o pAs(x(s))ds
= srlg) zas, (r)—zay,,  (r)] < mesh(w)/o pAg(x(s))ds

Taking mesh 7 to 0, we see that

lim sup \X%I(s) —4:(8)] =0

N—oo s<t

where

)= [ (o)1 = File - ))ds (131)

Likewise arguing,

lim sup | X} (s) — zas(s)| =0
—00 s<t 2
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where

t
£ (f) = / Na((s))(1 = p)(1 = Fult — 5))ds. (4.32)
0
It is now clear that
t
Tpa =2ar + 15 and  wp(t) = / Ag(x(s))p ds — x4:(t)
0
satisfy the desired property. O]

The proposition supports Schlict’s result [65]. Nevertheless, we would also like
to remind the reader that the ODE system does not agree with the system of the expec-
tation of the corresponding stochastic system unless the CRN consists only of monomer
reactions. In this light, the law of large numbers problem discussed in this chapter is
completely different from that of [65]. Also, that equation is entirely different from
a delayed ODE (under the assumption of immediate consumption) provides more evi-
dence that the stochasticity shall not be ignored even in large scale chemical reaction
networks.

The work of Garcia on the S.I.R model [36] captures the very essence of the proof we
presented in this chapter. Garcia used the Glivenko-Cantelli convergence of the Poisson
random measure to analyze the S.I.R model with randomly distributed infectious period.
In the language of Garcia and Kurtz, what we did is equivalent to taking a Glivenko-
Cantelli convergence of a Poisson random measure on [0, 1] X Rsy with mean measure
F} x m, where m is the Lebesgue measure. Put this way, the technique we presented in
this chapter cannot be considered new.

Also, at this point, the technique in this chapter is yet not applicable to the analysis of

the transcription example in the beginning, since it is difficult to analyze the asymptotic
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behavior of Xp«. The only Markov component of the system in the example is the

counting process of (4.2), which is given by

XN (t) = %Y ( /0 t NXN(s) XY (s)ds) (4.33)

tot

Note that when X5 is non-Markovian, it is difficult to show the convergence of X []\,% )
to an absolutely continuous solution by directly appealing to (4.1]). We believe that we
can use Garcia and Kurtz’ method of Glivenko-Cantelli convergence to analyze more

complex CRNs with delay, and this is an avenue for future work.
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Chapter 5

Miscellaneous results and conclusion

In this final chapter we will provide three miscellaneous results. In the first section, we
will discuss a condition which guarantees the non-explosivity of a class of stochastically
modeled chemical reaction networks. The deficiency of a network is a property of the
topology of a CRN and we will show that a deficiency zero CRN with a strongly con-
nected reaction graph (which admits a product form stationary distribution [6]) does
not blow up in finite time. In the second section, we will discuss MLMC [38] in further
detail, and introduce a package for the automatic generation of MLMC code. Lastly,
we will discuss a way to utilize MLMC for sensitivity analysis, which leads to the most

efficient unbiased estimator for sensitivities available today.

5.1 Finite blowup time for mass action kinetics

In this subsection, we will discuss a condition under which a stochastically modeled CRN
with certain topological properties does not explode in finite time. The importance of
this subject is apparent in our construction of the stochastic model . As mentioned
in the introduction, if we know the process is non-explosive, then we can construct the
well defined process forward in time with any exact simulation method like Gillespie’s

method, and we can write out the likelihood of a path up to any bounded time. We will
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base our non-explosivity condition on the following three aspects of the graph topology of
CRN. Throughout the text, let us suppose a CRN (S,C, R) with R number of reactions,
d number of species, complexes {r;} C R? and reaction rate constants {r, : k =

1,..., R} C Rsy.

Definition 5.1. A CRN s weakly reversible if the corresponding reaction graph is

strongly connected.

Definition 5.2. The deficiency of a CRN is 6 = |C| — ¢ — s, where |C| is the number of
complexes(vertices), € is the number of linkage classes(the connected components), and

s is the number of species(the dimension of the state space).

Definition 5.3. Forx,c € R‘éo, let us denote & < Hle ct, where we interpret 0° = 1.

A state ¢ € R%o of a CRN is complex balanced if for each vertex v,

Z rpc’* = Z ric’.

V= v—;

where summations are over all reactions that produces v and over all reactions that v

produces, respectively. It has been shown by [6] that, weakly reversible, deficiency zero
CRN admitting a complex balanced state has a product-form stationary distribution.
However, the existence of a stationary distribution usually does not guarantee non-
explosivity. For example, consider the following example of a random walk on Z>, with
transition rates

qr.z+1 = )\217 qr.z—1 = ,UZI

where 1 < % < 2. This process is transient, and it is easily observed that
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is a stationary distribution of the process. However, the process with invariant distri-
bution is non-explosive if and only if the process is positive recurrent. So the process is
explosive. We will show that a weakly reversible chemical reaction network admitting a
complex balanced state is non-explosive. We will base our argument on [6] and Reuter’s

theorem, which we will state below:

Theorem 5.1. (Reuter’s theorem [10]) Let Q be the infinitesimal generator of the
Markov process over the state space S. The process explodes if and only if there ex-
ists an uniformly bounded, nonzero z € RII such that

E Qeyzy = 2z

yeS

forallxz € S.

Theorem 5.2. (Anderson, Craciun and Kurtz [6]) Consider an deficiency zero CRN.
Suppose that the intensity function for the kth reaction from the complex vy at the state
r €8 =17Z%is given by
d
0(x)
Ae(2) =1 —7— 1,50
k( ) ke(x_Vk)g 1>V

where

o) = [T T[6:0)

i=1 j=1

and each 0; is any positive valued function that vanishes outside the positive quadrant.
Suppose further that the associated mass-action based deterministic system has an equi-
librium state c. Then the stationary distribution of the stochastic model of CRN
18 given by

m(x) = Mm

Li
[

C; .

=

@
I
—

where M s a normalizing constant, so long as

—~

x) is summable.
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It should be noted, as commented in [6], that the process admits this stationary
distribution only if 7(z) is summable. For instance, for Michealis-Menten kinetics, one
might chose parameters so that the product-form stationary distribution as given by
the theorem above does not exist. For a more formalized condition for the appropriate
parameters for the kinetics, we refer the reader to [6]. Now, with the following lemma,
we can connect the above two theorems to make the desired conclusion about non-

explosivity of this class of CRNs.

Lemma 5.3. Consider a Markov process on a state space S with generator Q) and a

stationary distribution . If
DD @)y
Y T

15 absolutely summable, then the process does not explode.

Proof. Suppose that the network does explode, but

ZZW(JZ)QM

is absolutely summable. By Reuter’s theorem, there exists a uniformly bounded, nonzero

vector z € Zg such that, for all x in the state space S,

E Qryy = Zg-
Y

Without loss of generality, let

2|l < 1.

Then

Z Z |7 (2) gy 2y| < Z Z ()| Gy
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Hence by assumption, > > 7(z)qsy2, is absolutely summable. Thus by Fubini’s the-

orem,

Z Z quzy Z Z CIzyZy

and in particular,

2. 2 My = 25 2 7wty =

On the other hand,

Z Z T)qay2y = Zﬂ(x) quyzy = Z?szx

and we can conclude that ) m,z, = 0. Because m(z) > 0, we must have z = 0

necessarily. This is a contradiction. O]
We therefore have the following corollary.

Corollary 5.1. If a CRN 1is weakly reversible, deficiency zero system admitting a com-

plex balanced equilibrium under the ODE deterministic model, it is not explosive as long

as the kinetics model is “appropriate” as set forth in [6] and Q(Z(_”"Zk) s bounded.

Proof. Every g,, in the generator corresponds to a Ay(x) in the theorem ({5.2). Now

simply note that

Ae(2)m(z) = 9(:?4%%) I

Since 9(9 xuk is bounded, A\i(x)m(z) < Km(x) for some constant K, and Y A\g(z)m(x) is

absolutely summable. We can apply the lemma [5.3] O

The CRN with mass action kinetics satisfies the condition set forth in the corollary.
Indeed, it sounds plausible that we should be able to remove the “deficiency zero”

condition in the corollary above. This is a possible avenue for next research.
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5.2 Implementation of MLMC

While the MLMC scheme we introduced in is fast and unbiased, there are some
technical issues to be confronted in its implementation. The most important unresolved
issue of all is the number of levels to be used for the algorithm. In [8], Anderson
implemented the MLMC for the system of translation and dimerization

GRG+M,

M2V rp

P+ P % p (5.1)

1

Mm%,

P40
with different number of levels.
Nothing can be inferred about the number of sample paths to be allocated at each
level without actually simulating the paths and estimating the variance. To counter
this problem we conduct pre-computations to obtain heuristic information about the

variance of each level. More precisely, we take the following steps:
1. Prompt the user for the number of levels, stepsizes hy, and the desired size of

variance o.

2. Precompute the empirical variance d; at each level, and estimate the computa-

tional cost at each level.

3. Minimize the CPU time under the restraint

>3 % (5.2)

g
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by controlling ny, which is the number of paths to be allocated for the level k.
Note that Z—Z is an estimator for the variance of the average of n; samples of the

coupled pair at the level k.

We created a package that produces a Matlab code that implements the MLMC
simulation for any CRN. The figure summarizes the runtime of the MLMC for the
approximation of Xp(1) in the example with the initial condition X(0) = 1 and

Xu(0) = Xp(0) = Xp(0) = 0.

stepsize and # levels Xp CPU time (sec) | # random numbers generated
h=3(=3~6 3,7144 + 1.0 3,503.3 1.694 x 10°
h=3 (=2~5 3,714.3 £ 1.0 2,300.1 9.797 x 108
h=3,(=3~5 3,713.6 £ 1.0 4,132.6 1.591 x 10°
h=3(=2~3 |3,7146 +£1.0 9,714.8 1.635 x 10°

Figure 5: Runtime with different number of levels

There are many issues in terms of implementation. For example, notice that the
number of levels and the range of ¢ greatly affects the runtime and the number of
random variables generated. Also, the number of precomputations to be done to solve
the linear program (5.2)) is chosen arbitrary. These are all avenues for future research

towards a better implementation of MLMC.
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5.3 Sensitivity analysis using Girsanov transforma-

tion and MLMC

In this section, we will discuss a way to apply the MLMC for sensitivity analysis using the
Girsanov transformation. Amongst all the known methods for sensitivity analysis, the
Girsanov method is the only method that computes an unbiased estimator for sensitivity
analysis. The method was originally introduced by Plyasunov and Arkin [13]. However,
for long simulated paths, the computational cost of the method was high in comparison
to finite difference methods [4] [T9] due to high variance of the estimator. In this section
we aim to skirt the problem by applying the Girsanov method in combination with the
MLMC, which in essence is a variance reduction method.

Let (C,S,R) be a CRN with R reactions, d species, and reaction vectors (. Also
suppose that {\{ : J[0,00)¢ X Rsg — Rs0;0 € Rsg k= 1,..., R} is a family of positive
continuous functions that are differentiable with respect to 6, and that the process Xy
as defined in (1.8) under a probability measure P with reaction intensities Z;, = A{ is
non-explosive. If f is a continuous function, we would like to compute 4 E[f(X4(t))]. In
order to apply MLMC to this problem, we need a sequence of processes that approximate
Xy, and also couple the consecutive pairs of the approximate processes tightly. If V; are

the approximating processes, we will compute the target as

B (Xo(t)] = (Z B (Vi (1) - f(%(t))]) T

where Vjs = X.

For now, let us denote V' = Vi, and focus on the first level. The rest of the levels
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works in exactly same way. Suppose that the counting processes for V' have the intensity
{/N\z : J[0,00)d X RZO — RZO 10 e RZO k= 1, ,R}

We couple X and V using the split coupling(3.4) with A\, = A\{ and N = :\Z

More precisely, consider the process Wy = (X, Vp) in R%}) and define elements in R*?
given by

Clk = Kk: O]: C2k = [Oa Ck] CSk = [Ck? Ck]

Then with the notation
0 6 _ 8
rik(/\ ) A aXQJ Z97 S) - gik(W97 S)?

the process Wy with the split coupling is given by

R

Wo(t) = We(0) + ) > Vi (/Ot 9% (W, S)ds) Cite- (5.3)

k=1 =1

Next, let ¢(W (t)) «f F(X(t))— f(V(t)). Recall from the introduction that we may write

Elg(W(#))] = E[q(W (1)) L(0,1)]

where () is the measure under which the counting processes Y, are independent unit
rate Poisson processes, and L(t)dQ) = dP with L as given in ((1.11)). Under the Leibnitz
condition, we can commute the expectation with the derivative, and £ E”[q(W (t))] can

be computed as
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& BRI (W (1) L(6.1)] = EOlg(W (1)) s L(6.1)
— EQ@(W@))%L(M]

(5.4)
= B (0) ( 5 106(20.0)) 206,1)

= BP[a(W (1) 55 loa(L(6.1))]

We remind ourselves that the Leibnitz condition requires the followings:
1. EF[q(Wy(t))] exists
2. Llog(L(9, w,t)) exists for almost sure w and ¢.

3. There exists a random variable |q(Wy)<5log(L(, w,t))| < G with P-finite expec-

tation.

The Leibnitz won’t be true in general for our case, since for \,\ € C® A(z) A \(z) is

not necessarily in C'* with respect to 6.

Now, if w € J[0,00)%, let N(w,t) — 1 be the total number of jumps of w in the

interval [0,¢). Then the likelihood L(,w,t) of a path w up to time ¢ can be simplified

to
t N(w,t)—1
L(97 w, t) = exp <_ / Z gzek(w’ 8)d3> H gfuznj (VV’ Sj—l)
0 ki §=0

N(w,t)—1

log L(0,w, t) / Zgzk w, s)ds + Z loggfuinj(w7 Si—1)
=0

where win; is the index of the jth reaction of w and s; is the time of the jth reaction

with a convention that so =0, sy, = t.



125

We can therefore write
%gwinj (W¢97 ])

j gwinj (W97 Sj) (56)

d d [t
@bg(L(@, W, t)) = Z 30 ), 9it(Wa, s) +

ik
5.3.1 A special case

If A and \ are both proportional to 0, then by simple computation we see

%log(L(&,w,t))z% > Ya (/0 gfk(We,s)ds) (w) (5.7)

1€{1,2,3},keJ(0)

where Y is a compensated unit Poisson process and J(k) is the set of reactions for which

the rate A depends on #. To be more general, if

Ni(,8) = na(0) (@, ) (5.8)
and 7 is differentiable with respect to 6, then

d d%mk(e% ' )
Log(LO,w )= Y Vi / dlws 5)ds ) (). (5.9)
df ie{1,2,3},keJ(0) N (6) 0

Note that when (/5.8]) holds, then we do not need to worry about the second part of the

Leibnitz condition condition.

We can in fact do even better. Note if A and B are random variables, the variance

Cov(A,B)
Var(B) °

of A — aB is minimized with o = We may take advantage of the fact that

M(t) «f 4 log(L(t,w)) is a martingale, and correct the coarsest term by —aM(t). In
the next section, we will show a computational result comparing the direct Girsanov

method and the MLMC Girsanov method.

5.3.2 Numerical Example

We consider an example of central dogma with the following parameters;

GAG+M, MBM+P M50, PLO
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where G, M ,P respectively represent DNA particle, mRNA particle, and peptide parti-
cle. Under mass action kinetics model, the rates of reactions )y in this CRN are linear.

Also, by using the intensity property in the introduction,

o ([ )] - 20

and we can solve E[X,(t)] and E[Xp(t)] as a solution of an ODE system. Solving the
system we get

d
EXp(30,0) =279.94 J(0) = —=FEXp(30,0) = —318.07 .
p(30,6) 0=1/4 () de p(30,6) 0=1/4

We measured the CPU time required to estimate the value J(0) with variance less than
10 using the MLMC-Girsanov method. We summarized the result in the figure [6] Note

the significant gain in runtime.

stepsize and # levels | J(0) (95% interval) | CPU time | # random numbers generated
h=3 (=1~2 -315.69 £ 6.06 136.70 sec 2.7 <108
h=3 (=1~3 -317.87+ 5.94 248.85 sec 2.9 x108
h=40=1~4 -319.62 £ 5.74 332.30 sec 4.6 x108
Direct Girsanov -321.89 + 6.16 | 5394.6 sec 2.8 x10'

Figure 6: Comparison of the Girsanov-MLMC method and the direct Girsanov method,

both with +aM (t) correction

In terms of runtime, the common finite difference method (CFD) in combination
with split coupling [4] eclipses our result above. However, the estimator from the CFD
method is biased, whereas that of the Girsanov method is unbiased. This example

provides still another motivation to further study the MLMC method.
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